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'HSDUWPHQW RI *OREDO 3XEOLF +HDOWK
0DVWHU 3URJUDPPH LQ 3XEOLF +HDOWK 6FLHQFHV
3XEOLF +HDOWK (SLGHPLRORJ\
'HJUHH 3URMHFW� �� FUHGLWV
6SULQJ WHUP ����

([WUDSRODWLQJ FDQFHU SDWLHQW VXUYLYDO� D FRPSDULVRQ RI WKH IOH[LEOH
SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP

$EVWUDFW

%DFNJURXQG� :LWK VKRUW�WHUP VXUYLYDO GDWD� H[WUDSRODWLRQ LV RIWHQ UHTXLUHG WR HVWLPDWH VXUYLYDO
RYHU IROORZ�XS WLPH� ([WUDSRODWLQJ DOO�FDXVH VXUYLYDO PD\ QRW DOZD\V JLYH JRRG HVWLPDWH� 7KH
IOH[LEOH SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP PHWKRG KDYH ERWK EHHQ DSSOLHG WR H[�
WUDSRODWH VXUYLYDO ZLWKLQ UHODWLYH VXUYLYDO IUDPHZRUN� EXW QR VWXG\ KDV EHHQ GRQH \HW WR FRPSDUH
WKHVH WZR DSSURDFKHV E\ XVLQJ WKH VDPH GDWDVHW�
$LP� 7R LQFUHDVH XQGHUVWDQGLQJ RI GLIIHUHQFH DQG VHQVLWLYLW\ RI H[WUDSRODWLQJ FDQFHU SDWLHQW
VXUYLYDO EHWZHHQ WKH IOH[LEOH SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP�
6HWWLQJ� 1DWLRQZLGH UHJLVWU\�EDVHG FDQFHU FRKRUW VWXG\� 6ZHGHQ�
0HWKRGV� )RXU FRKRUWV RI FDQFHU SDWLHQWV �FRORQ FDQFHU DQG EUHDVW FDQFHU� GLDJQRVLV GXULQJ
��������� DQG ���������� ZHUH LGHQWLILHG IURP WKH 6ZHGLVK &DQFHU 5HJLVWHU� 7KH IROORZ�XS
SHULRG ZDV OLPLWHG DQG DSSOLHG ZLWK WKH IOH[LEOH SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP
WR H[WUDSRODWH VXUYLYDO� 7KH H[WUDSRODWLRQ UHVXOWV ZHUH FRPSDUHG WR WKH HPSLULFDO .DSODQ�0HLHU
VXUYLYDO IXQFWLRQV�
5HVXOWV� :LWK ORQJHU IROORZ�XS SHULRGV� WKHVH WZR PHWKRGV JDYH VLPLODU DQG SUHFLVH H[WUDSR�
ODWLRQ RQ VXUYLYDO IXQFWLRQV� ,Q FRQWUDVW� ZLWK VKRUWHU IROORZ�XS GDWD� WKH H[WUDSRODWLRQ FXUYHV
SRWHQWLDOO\ GHYLDWHG PRUH IURP WKH HPSLULFDO .DSODQ�0HLHU¶V FXUYHV� KRZHYHU� LI DSSURDFKLQJ
FRQVWDQW H[FHVV KD]DUG ZLWKLQ WKH DYDLODEOH IROORZ�XS SHULRG� H[WUDSRODWLRQ E\ HLWKHU PHWKRG
ZRXOG SRWHQWLDOO\ KDYH JRRG SHUIRUPDQFH�
&RQFOXVLRQ� :LWK VXIILFLHQWO\ ORQJ IROORZ�XS GDWD� H[WUDSRODWLQJ FDQFHU SDWLHQW VXUYLYDO FDU�
ULHG RXW E\ HLWKHU PHWKRG FDQ REWDLQ UHDVRQDEOH DFFXUDF\� 8QFHUWDLQW\ LQ H[WUDSRODWLRQ VKRXOG
EH WDNHQ LQWR FRQVLGHUDWLRQ�

.H\ZRUGV� H[WUDSRODWLRQ� EUHDVW FDQFHU� FRORQ FDQFHU� VXUYLYDO DQDO\VLV� IOH[LEOH SDUDPHWULF
PRGHO� UROOLQJ�RYHU DOJRULWKP� UHODWLYH VXUYLYDO� SRSXODWLRQ�EDVHG



&RQWHQWV

� %DFNJURXQG �
��� (VWLPDWLQJ ORVV RI OLIH H[SHFWDQF\ � � � � � � � � � � � � � � � � � � � � � � � � �
��� 5HODWLYH VXUYLYDO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� )OH[LEOH SDUDPHWULF PRGHOV � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 5ROOLQJ�RYHU DOJRULWKP � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� .QRZOHGJH JDS � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� $LP DQG 5HVHDUFK TXHVWLRQV �
��� $LP � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 5HVHDUFK TXHVWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� 0HWKRGV �
��� 6WXG\ GHVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 'DWD VRXUFHV DQG SRSXODWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 9DULDEOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 6WDWLVWLFDO DQDO\VHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� (WKLFDO &RQVLGHUDWLRQV ��

� 5HVXOWV ��
��� 'HVFULSWLYH VWDWLVWLFV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� (YDOXDWLQJ H[WUDSRODWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 6HQVLWLYLW\ DQDO\VLV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 'LVFXVVLRQ ��
��� 6XPPDU\ RI UHVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ,QWHUSUHWDWLRQ RI UHVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� &RPSDULVRQ ZLWK SUHYLRXV VWXGLHV � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 6WUHQJWKV DQG OLPLWDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� *HQHUDOL]DELOLW\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� ,PSOLFDWLRQ IRU SXEOLF KHDOWK DQG IXWXUH UHVHDUFK � � � � � � � � � � � � � � � � � ��

� &RQFOXVLRQ ��

� $FNQRZOHGJPHQWV ��

� 5HIHUHQFHV ��

$SSHQGLFHV L

$ 5HVWULFWHG FXELF VSOLQHV L



% 6DPSOH VL]H FDOFXODWLRQ LL

& ([WUDSRODWLRQ UHVXOWV LLL

' 6HQVLWLYLW\ DQDO\VLV Y

( &RQVWDQW H[FHVV KD]DUG YLLL



/LVW RI DEEUHYLDWLRQV
$,& $NDLNH LQIRUPDWLRQ FULWHULRQ
%,& %D\HVLDQ LQIRUPDWLRQ FULWHULRQ
$8& $UHD XQGHU WKH FXUYH
&, &RQILGHQFH LQWHUYDO
G�I� 'HJUHHV RI IUHHGRP
)30 )OH[LEOH SDUDPHWULF PRGHO
.�0 .DSODQ�0HLHU
/( /LIH H[SHFWDQF\
//( /RVV RI OLIH H[SHFWDQF\
52$ 5ROOLQJ�RYHU DOJRULWKP



� %DFNJURXQG

��� (VWLPDWLQJ ORVV RI OLIH H[SHFWDQF\

/LIH H[SHFWDQF\ �/(� SURYLGHV D VXPPDU\ RI WKH VXUYLYDO H[SHULHQFH RI D FRKRUW DQG LV FDOFXODWHG
DV WKH LQWHJUDO RI WKH VXUYLYRU IXQFWLRQ �DUHD XQGHU WKH VXUYLYDO FXUYH� >�� �@� )RU FDQFHU SDWLHQWV�
WKH ORVV RI OLIH H[SHFWDQF\ �//(� GXH WR FDQFHU FRXOG EH LQWHUSUHWHG DV WKH GLIIHUHQFH EHWZHHQ
/( RI FDQFHU SDWLHQWV DQG FDQFHU�IUHH LQGLYLGXDOV >�� �@� LOOXVWUDWHG LQ )LJXUH �� 7KHVH TXDQWLWLHV
RI /( DUH RI LQWHUHVW WR SDWLHQWV� FOLQLFLDQV DQG DOVR RIIHU UHVRXUFH�SODQQLQJ HYLGHQFH IRU FDQFHU
SUHYHQWLRQ WR SROLF\PDNHUV >�� �@� )RU LQVWDQFH� WR HVWLPDWH WKH VRFLHWDO LPSDFW RI WKH EXUGHQ RI
FDQFHU� WKH OLIHWLPH VXUYLYDO IXQFWLRQ FDQ EH PXOWLSOLHG ZLWK D FRQVHTXHQFH IXQFWLRQ LQ RUGHU WR
TXDQWLI\ OLIHWLPH GXUDWLRQ RI TXDOLW\ RI OLIH� HPSOR\PHQW� GLVDELOLW\� DQG KHDOWKFDUH H[SHQGLWXUH
>�� �@� )XUWKHUPRUH� LQ KHDOWK WHFKQRORJ\ DVVHVVPHQW VWXGLHV� WKH DPRXQW RI //( VDYHG LV TXDQ�
WLILHG DV VXFFHVVIXO SUHYHQWLRQ RI GLVHDVH >�@� (VWLPDWLQJ /( QHFHVVLWDWHV WKH VXUYLYDO IXQFWLRQ
WR UHDFK ]HUR SUREDELOLW\� ZKLFK W\SLFDOO\ UHTXLUHV D ORQJ IROORZ�XS WR FDSWXUH DOO WKH UHOHYDQW IX�
WXUH KHDOWK RXWFRPHV >�� �@� 6KRUW�WHUP VXUYLYDO GDWD ZLOO WKHQ UHTXLUH H[WUDSRODWLRQ� WR HVWLPDWH
WKH OLIHWLPH VXUYLYDO >�� �@� HVSHFLDOO\ ZKHQ VXUYLYDO GDWD LV KHDYLO\ FHQVRUHG >�@� &HQVRULQJ
KDSSHQV ZKHQ D SDWLHQW KDYH QRW KDSSHQHG DQ HYHQW �H�J�� VWLOO DOLYH� ORVW WR IROORZ�XS� RU H[LW
IURP WKH VWXG\� DW WKH HQG RI IROORZ�XS >��@�

)LJXUH �� *UDSKLFDO LOOXVWUDWLRQ RI ORVV RI OLIH H[SHFWDQF\� 7KH XSSHU FXUYH VWDQGV IRU SRSXODWLRQ VXUYLYDO
ZKHUHDV WKH ORZHU FXUYH LV FDQFHU FRKRUW¶V DOO�FDXVH VXUYLYDO� 7KH VKDGHG DUHD EHWZHHQ WZR FXUYHV LV
LQWHUSUHWHG DV ORVV RI OLIH H[SHFWDQF\ GXH WR FDQFHU� 7KH DYDLODEOH IROORZ�XS KHUH LV �� \HDUV�

1RW DOO PRGHOV SHUIRUP ZHOO ZLWK UHJDUG WR H[WUDSRODWLQJ VXUYLYDO EH\RQG DYDLODEOH IROORZ�
XS WLPH >��@� HYHQ WKRXJK D YDULHW\ RI GLVWULEXWLRQV FDQ EH XVHG WR ILW WKH WKH GDWD WR WKH HQG
RI IROORZ�XS� VXFK DV H[SRQHQWLDO GLVWULEXWLRQ >��@� WKH :HLEXOO GLVWULEXWLRQ >��@� WKH *RPSHUW]

�([WUDSRODWLRQ PHDQV SUHGLFWLRQ RXWVLGH WKH UDQJH RI REVHUYHG YDOXHV >�@�

�



GLVWULEXWLRQ >��@� WKH ORJ�QRUPDO GLVWULEXWLRQ >��@� DQG WKH ORJORJLVWLF GLVWULEXWLRQ >��@� *LYHQ
WKDW WKH PD[LPXP IROORZ�XS RI VXUYLYDO GDWD LV OLPLWHG� H[WHUQDO LQIRUPDWLRQ LV RIWHQ UHTXLUHG
WR DLG H[WUDSRODWLRQ >�@� 5HODWLYH VXUYLYDO LV D W\SLFDO IUDPHZRUN XVHG LQ LQWHJUDWLQJ H[WHUQDO
LQIRUPDWLRQ LQWR SRSXODWLRQ�EDVHG VWXGLHV� VXFK DV QDWLRQDO FDQFHU UHJLVWU\ VWXGLHV RU RWKHU SD�
WLHQW UHJLVWU\ VWXGLHV >��� ��@� $PRQJ GLIIHUHQW H[WUDSRODWLRQ PHWKRGV� WKH IOH[LEOH SDUDPHWULF
PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP �52$� DGRSWHG UHODWLYH VXUYLYDO IUDPHZRUN LQ WKHLU
UHVSHFWLYH H[WUDSRODWLRQ DSSURDFKHV�

��� 5HODWLYH VXUYLYDO

7KH )30 DQG WKH 52$ ILW WKH UHODWLYH VXUYLYDO IXQFWLRQ RQ RWKHU VFDOHV� WKH ORJ FXPXODWLYH
H[FHVV KD]DUG VFDOH DQG WKH ORJLW UHODWLYH VXUYLYDO VFDOH UHVSHFWLYHO\ >�� �@� %HIRUH LQWURGXFLQJ
WKH WZR H[WUDSRODWLRQ DSSURDFKHV� ZH ZRXOG OLNH ILUVW WR LQWURGXFH UHODWLYH VXUYLYDO IUDPHZRUN�
'XH WR OLPLWHG IROORZ�XS� H[WUDSRODWLRQ RI ERWK WKH H[SHFWHG VXUYLYDO �RI WKH JHQHUDO SRSXODWLRQ�
DQG WKH DOO�FDXVH VXUYLYDO �RI WKH FDQFHU SDWLHQW FRKRUW� LV JHQHUDOO\ WKH DSSURDFK WR HVWLPDWH //(
>�� �@� ([WUDSRODWLQJ DOO�FDXVH VXUYLYDO LV VWUDLJKWIRUZDUG� EXW LW JHQHUDOO\ UHTXLUHV DVVXPSWLRQV
RQ WKH VXUYLYDO IXQFWLRQ RYHU WKH IROORZ�XS SHULRG� DQG LW GRHV QRW DOZD\V JLYH JRRG SUHGLFWLRQ
>�@� $ PRUH SODXVLEOH DOWHUQDWLYH DSSURDFK LV H[WUDSRODWLQJ WKH UHODWLYH VXUYLYDO� DQG WUDQVIRUP LW
EDFN WR WKH DOO�FDXVH VXUYLYDO E\ PXOWLSO\LQJ WKH H[SHFWHG VXUYLYDO >��@� VLQFH WKH WUDQVIRUPDWLRQ
RI WKH UHODWLYH VXUYLYDO IXQFWLRQ RIWHQ DSSURDFKHV D VWUDLJKW OLQH DIWHU D FHUWDLQ QXPEHU RI \HDUV
VLQFH GLDJQRVLV VXLWDEOH >�� �@� ZKLFK HQDEOHV SUHGLFWLQJ VXUYLYDO PRUH SUHFLVHO\ EDVHG RQ D
OLQHDU WUHQG >��@�

5HODWLYH VXUYLYDO� R(t)� LV GHILQHG DV WKH UDWLR RI WKH DOO�FDXVH VXUYLYDO DPRQJ D FRKRUW RI
SDWLHQWV� S(t)� DQG WKH H[SHFWHG VXUYLYDO RI D FRPSDUDEOH SRSXODWLRQ� S∗(t) >��@� ZULWWHQ DV

R(t) =
S(t)

S∗(t)
���

ZKHUH W LV WLPH VLQFH GLDJQRVLV� 7KH DQDORJXH RI (TXDWLRQ ��� RQ D KD]DUG VFDOH LV

h(t) = h∗(t) + λ(t), ���

ZKHUH h(t) LV WKH DOO�FDXVH KD]DUG� h∗(t) WKH H[SHFWHG KD]DUG� DQG λ(t) WKH H[FHVV KD]DUG�
%\ LQWHJUDWLRQ� WKH UHVXOW LV

H(t) = H∗(t) + Λ(t) ���

VKRZLQJ H(t) LV WKH FXPXODWLYH DOO�FDXVH KD]DUG� H∗(t) WKH FXPXODWLYH H[SHFWHG KD]DUG� DQG
Λ(t) WKH FXPXODWLYH H[FHVV KD]DUG� ,QGLYLGXDO VXUYLYDO GDWD �H�J�� IURP D SDWLHQW UHJLVWU\� FDQ
SURYLGH GDWD RQ S(t)� h(t)� DQG H(t)� ZKHUHDV SRSXODWLRQ PRUWDOLW\ UDWHV �H�J�� IURP QDWLRQ�
ZLGH OLIH WDEOHV� FDQ RIIHU LQIRUPDWLRQ RQ S∗(t)� h∗(t)� DQG H∗(t)� E\ PDWFKLQJ LQGLYLGXDOV WR

�



FRUUHVSRQGLQJ DJH� VH[� DQG FDOHQGDU \HDU >�� ��� ��@�

��� )OH[LEOH SDUDPHWULF PRGHOV

)OH[LEOH SDUDPHWULF PRGHOV ZHUH GHYHORSHG E\ 5R\VWRQ DQG 3DUPDU >��� ��@ DQG H[WHQGHG WR
UHODWLYH VXUYLYDO EHWZHHQ WKH LQGH[ FRKRUW DQG WKH UHIHUHQFH SRSXODWLRQ >��� ��@� 7KH )30 IRU
UHODWLYH VXUYLYDO LV ILUVW ILWWHG RQ WKH ORJ FXPXODWLYH KD]DUG VFDOH WR HVWLPDWH EDVHOLQH KD]DUG
IXQFWLRQV >�� ��@� ,Q RUGHU WR FDSWXUH WKH VKDSH RI WKH KD]DUG IXQFWLRQ DQG LPSRVH FRQWLQXLW\
UHVWULFWLRQV RQ LW� UHVWULFWHG FXELF VSOLQHV� ZHUH DSSOLHG LQWR WKH PRGHOV >�� ��@� *HQHUDOO\� WKH
ORJ FXPXODWLYH KD]DUG LV PRGHOHG LQ D IXOO OLNHOLKRRG DSSURDFK DV D IXQFWLRQ RI WLPH t� ZKLFK
LQGLFDWHV WLPH VLQFH GLDJQRVLV� DORQJ ZLWK FRYDULDWHV� z� ,W WKHQ JLYHV D SURSRUWLRQDO KD]DUGV
PRGHO DV VKRZQ EHORZ�

OQ(H(t; z)) = OQ(− OQS(t; z)) = s (x; γ0) + zβ ���

ZKHUH x = OQ(t) � DQG s (x; γ0) LV GHILQHG DV D UHVWULFWHG FXELF VSOLQH IXQFWLRQ��
7R DOORZ QRQ�SURSRUWLRQDO KD]DUGV �WLPH�GHSHQGHQW FRYDULDWH HIIHFWV�� ZH LQFOXGH LQWHUDF�

WLRQV EHWZHHQ FRYDULDWHV DQG UHVWULFWHG FXELF VSOLQHV IRU ORJ WLPH LQWR WKH PRGHO�

OQ(H(t; z)) = s (x; γ0) + zβ +
D∑

i=1

s (x; γi) zi, ���

ZKHUH D LV WKH QXPEHU RI WLPH�GHSHQGHQW FRYDULDWH HIIHFWV� DQG s (x; γi) LV WKH UHVWULFWHG FXELF
VSOLQH IXQFWLRQ IRU WKH i WK WLPH�GHSHQGHQW HIIHFW >�@�

:LWKLQ WKH IROORZ�XS SHULRG� WKH )30 IRU DOO�FDXVH VXUYLYDO ZDV ILWWHG ZHOO� 1HYHUWKHOHVV�
WKH WUDQVIRUPDWLRQ RI DOO�FDXVH VXUYLYDO RQ WKH ORJ FXPXODWLYH DOO�FDXVH KD]DUG VFDOH GRHV QRW
DSSURDFK D OLQHDU OLQH� VR H[WUDSRODWLRQ IURP WKH IXQFWLRQ ZRXOG UHVXOW LQ KLJKHU LQDFFXUDF\ >�@�
5DWKHU WKDQ H[WUDSRODWLQJ DOO�FDXVH VXUYLYDO� $QGHUVVRQ HW DO� SURSRVHG H[WUDSRODWLQJ VXUYLYDO
ZLWKLQ UHODWLYH VXUYLYDO IUDPHZRUN XVLQJ WKH )30 >�@� E\ EUHDNLQJ WKH FXPXODWLYH DOO�FDXVH
KD]DUG LQWR WZR FRPSRQHQWV� WKH FXPXODWLYH H[SHFWHG KD]DUG� DQG WKH FXPXODWLYH H[FHVV KD]DUG�
VDPH DV (TXDWLRQ ����

$QGHUVVRQ HW DO� WKHQ H[WHQGHG (TXDWLRQ ��� WR LQFOXGH FRYDULDWHV >�@� VKRZQ DV

H(t; z) = H∗ (t; z′) + Λ(t; z), ���

ZKHUH z LQFOXGHV SDWLHQW FKDUDFWHULVWLFV� VXFK DV DJH� VH[� \HDU RI GLDJQRVLV� RU RWKHU FROOHFWHG
LQIRUPDWLRQ� DQG z′ LV D VXEVHW RI z� %\ PDWFKLQJ WKH PRUWDOLW\ UDWHV RI WKH SDWLHQW FRKRUW WR
ZKLFK RI WKH JHQHUDO SRSXODWLRQ� E\ DJH� VH[� DQG FDOHQGDU \HDU� WKH FXPXODWLYH H[SHFWHG KD]DUG
FDQ EH REWDLQHG >��@� 2Q WKH RWKHU KDQG� WKH FXPXODWLYH H[FHVV KD]DUG� Λ(t; z)� FDQ EH PRGHOHG

�)RU LOOXVWUDWLRQ RI UHVWULFWHG FXELF VSOLQHV� SOHDVH UHIHU WR $SSHQGL[ $�

�



LQ WKH )30 RQ ORJ VFDOH� VKRZQ DV

OQ (Λ (t; z)) = s (x; γ0) + zβ +
D∑

i=1

s (x; γi) zi ���

7KH DQDORJXH RI FXPXODWLYH H[FHVV KD]DUG LV UHODWLYH VXUYLYDO FDQ EH VKRZQ DV

R (t; z) = H[S (− H[S (OQ (Λ (t; z)))) = H[S

(
− H[S

(
s (x; γ0) + zβ +

D∑

i=1

s (x; γi) zi

))
���

ZKHUH x� s (x; γ0)� DQG s (x; γi) KDYH WKH VDPH GHILQLWLRQV LQ (TXDWLRQV �������� 7KH DOO�FDXVH
VXUYLYDO IXQFWLRQ FDQ WKHQ EH FDOFXODWHG E\ PXOWLSO\LQJ WKH UHODWLYH VXUYLYDO IXQFWLRQ ZLWK WKH
H[SHFWHG VXUYLYDO IXQFWLRQ HVWLPDWHG E\ WKH (GHUHU , PHWKRG >��@� EDVLFDOO\ WKH VDPH HTXDWLRQ
DV (TXDWLRQ ���� DQG KHUH VKRZQ DV

S(t) = R(t)S∗(t) ���

��� 5ROOLQJ�RYHU DOJRULWKP

+ZDQJ DQG :DQJ SURSRVHG ILWWLQJ D VLPSOH OLQHDU UHJUHVVLRQ WR ORJLWR(t)� WKH ORJLW WUDQVIRUPD�
WLRQ RI UHODWLYH VXUYLYDO� GXULQJ WKH DYDLODEOH IROORZ�XS XVLQJ SDUWLDO OLNHOLKRRG >�� ��@� ZULWWHQ
DV

ORJLWR(t) = α + βt+ εt, ����

ZKHUH 0RQWH &DUOR PHWKRGV ZHUH XVHG WR JDLQ H[WHUQDO LQIRUPDWLRQ IURP OLIH WDEOHV WR PDWFK
DJH� VH[� DQG FDOHQGDU \HDU ZLWK DQ LQGH[ SDWLHQW FRKRUW WR REWDLQ WKH UHODWLYH VXUYLYDO >��@�

,Q RUGHU WR ILW WKH IODWWHQHG FXUYH RI ORJLWR(t)ZLWKLQ WKH IROORZ�XS SHULRG� +ZDQJ DQG:DQJ
DGRSWHG WKH UHVWULFWHG FXELF VSOLQH IXQFWLRQ IURP $QGHUVVRQ HW DO� WR LPSRVH OLQHDULW\ RQ WKH
HVWLPDWHG IXQFWLRQ DIWHU WKH ERXQGDU\ NQRW >�� �� ��@� 7KDW LV�

ORJLWR(t) = s (t; γ0) , ����

ZKHUH s (t; γ0) LV D UHVWULFWHG FXELF VSOLQH IXQFWLRQ� +RZHYHU� LI ORJLWR(t) KDV QRW \HW DSSURDFKHG
D VWUDLJKW OLQH DW WKH HQG RI IROORZ�XS� WKH H[WUDSRODWHG YDOXHV RI ORJLWR(t)PD\ RQO\ EH FORVH WR
WKH WUXH VXUYLYDO FXUYH LQ WKH ILUVW IHZ SRLQWV EXW GHYLDWH IURP LW LQ WKH ORQJHU SUHGLFWLRQ SHULRG�
7KHUHIRUH� WR VROYH WKLV SUREOHP RI XQFHUWDLQW\ LQ H[WUDSRODWLRQ� +ZDQJ HW DO� WRRN DGYDQWDJH
RI XVLQJ UHVWULFWHG FXELF VSOLQH IXQFWLRQV LQ VKRUW�WHUP H[WUDSRODWLRQ WR SUHGLFW WKH VXUYLYDO VWHS
E\ VWHS� DLGHG E\ PRGHO�XSGDWHG GDWD >�@� 7KLV VR�FDOOHG UROOLQJ�RYHU DOJRULWKP PHWKRG XVHV D
PRYLQJ WLPH�ZLQGRZ RI D IL[HG VL]H �H SRLQWV� WR IRUHFDVW WKH VXUYLYDO WKURXJK WKH GDWD SRLQWV�
LOOXVWUDWHG LQ WKH IROORZLQJ VWHSV� DQG DLGHG E\ )LJXUH ��

�



)LJXUH �� /RJLW WUDQVIRUPDWLRQ FXUYH RI UHODWLYH VXUYLYDO XVHG LQ WKH UROOLQJ�RYHU DOJRULWKP PHWKRG IRU
H[WUDSRODWLQJ VXUYLYDO� $ PRYLQJ WLPH�ZLQGRZ RIH SRLQWV DLGV WKH ORJLWR(t)PRGHO WR ILW RYHU DQG RYHU
XQWLO ORJLW R̂(tL) LV REWDLQHG�

�� $VVXPH RULJLQDOO\ WKH DYDLODEOH IROORZ�XS SHULRG KDV F + 1 WLPH SRLQWV RI tj � ZKHUH
j = 0, 1, 2, ..., F � FRUUHVSRQGLQJ WR ORJLWR(tj)�

�� )RU WKH ILUVW H[WUDSRODWLRQ� XVH D WLPH�ZLQGRZ RIH SRLQWV RI WKH GDWD� ORJLWR(tF−H+1)�����
ORJLWR(tF )� ZKHUH H < F � WR ILW WKH PRGHO ORJLWR(tk)� ZKHUH k = F −H + 1, ..., F �

�� %DVHG RQ WKH ILWWHG PRGHO ORJLWR(tk)� HVWLPDWH RQO\ RQH SUHGLFWHG YDOXH ORJLW R̂(tF+1)�

�� )RU WKH i WK H[WUDSRODWLRQ� ZKHUH i > 1� VLPLODU WR WKH FRQFHSW RI 6WHS � DQG � DERYH�
EXW GURS ORJLWR(tF−H+i−1) DQG LQFOXGH ORJLW R̂(tF+i−1) DV DQ REVHUYHG YDOXH WR UHILW WKH
PRGHO� ORJLWR(tk)� ZKHUH k = F −H + i, ..., F + i− 1� ZLWK VWLOOH SRLQWV RI WKH PRYLQJ
WLPH�ZLQGRZ DQG REWDLQ ORJLW R̂(tF+i)�

�� $V WKH WLPH�ZLQGRZ PRYHV WRZDUG tL� ZH UHSHDW 6WHS � XQWLO WKH (L−F ) WK H[WUDSRODWLRQ
DQG JHW ORJLW R̂(tL)� ZKHUH tL LV WKH ODVW WLPH SRLQW IRU H[WUDSRODWLRQ�

,Q VXPPDU\� WKH H[WUDSRODWLRQ LV DLGHG E\ D PRYLQJ WLPH�ZLQGRZ RI H SRLQWV WR VWHS�E\�VWHS
SUHGLFW WKH ORJLW R̂(t) WR WKH ILQDO WLPH SRLQW� 7KH PRGHO IRU WKH ILUVW H[WUDSRODWLRQ LQ 6WHS � RQO\
XVHV WKH REVHUYHG YDOXHV WR SUHGLFW WKH QH[W VXUYLYDO SRLQW� 7KH VHFRQG WR WKH H WK WLPHV RI
H[WUDSRODWLRQ XVH ERWK REVHUYHG YDOXHV ZLWKLQ WKH IROORZ�XS SHULRG DQG PRGHO�XSGDWHG YDOXHV
SUHGLFWHG E\ WKH H[WUDSRODWLRQ WR HVWLPDWH WKH QH[W SUHGLFWHG YDOXHV� )RU WKH (H+1) WK WR (L−F )

WK WLPHV RI H[WUDSRODWLRQ� WKH PRGHO RQO\ XVHV SUHGLFWHG YDOXHV WR FRQGXFW H[WUDSRODWLRQ� ,Q
DGGLWLRQ� ERRWVWUDS PHWKRGV ZHUH XVHG WR WDFNOH VWDWLVWLFDO XQFHUWDLQW\ LQ HVWLPDWLRQ >�@� $IWHU
FRPSOHWLQJ WKH H[WUDSRODWLRQ RI WKH UHODWLYH VXUYLYDO IXQFWLRQ LQ ORJLW WUDQVIRUPDWLRQ� ZH ILUVW
WUDQVIRUP LW EDFN WR WKH UHODWLYH VXUYLYDO IXQFWLRQ R(t)� DQG WKHQ XVH WKH VDPH DSSURDFK VKRZQ
LQ (TXDWLRQ ��� WR REWDLQ WKH DOO�FDXVH VXUYLYDO IXQFWLRQ RI WKH SDWLHQW FRKRUW�
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��� .QRZOHGJH JDS

7KH )30 DQG WKH 52$ KDYH ERWK EHHQ XVHG WR H[WUDSRODWH SDWLHQWV¶ VXUYLYDO RYHU WKH REVHUYHG
WLPH >�� �� ��@� DQG WKH\ ZHUH DOVR IXUWKHU DSSOLHG WR HVWLPDWH //( GXH WR FDQFHU >�� �� ��±��@�
3UHYLRXV OLWHUDWXUHV KDYH VKRZQ KRZ VHQVLWLYH WKH H[WUDSRODWHG VXUYLYDO LV WR WXQDEOH SDUDPHWHUV�
VXFK DV PLQLPXP WLPH XVHG IRU H[WUDSRODWLRQ >�� ��@� WKH QXPEHU RI NQRWV LQ WKH PRGHO >�@�
DVVXPSWLRQ RQ SRSXODWLRQ PRUWDOLW\ SURMHFWLRQ >��@� DQG DGMXVWLQJ H[SHFWHG PRUWDOLW\ UDWHV E\
GLIIHUHQW PDWFKLQJ DSSURDFK >�� ��@�

+RZHYHU� LW UHPDLQV XQFOHDU KRZ VHQVLWLYH WKH H[WUDSRODWHG VXUYLYDO LV WR OLPLWHG IROORZ�XS
GDWD IURP SDWLHQWV RI GLIIHUHQW FDQFHU VLWHV DQG GLDJQRVHG ZLWKLQ GLIIHUHQW GLDJQRVLV SHULRGV�
$GGLWLRQDOO\� SUHYLRXV VWXGLHV ZKLFK DSSOLHG WKH 52$ GLG QRW LQYHVWLJDWH KRZ LQIOXHQWLDO WKH
VL]H RI WKH PRYLQJ WLPH�ZLQGRZ ZRXOG EH LQ H[WUDSRODWLRQ UHVXOWV >�� �� ��±��@� )XUWKHUPRUH�
QR VWXG\ KDV EHHQ GRQH \HW WR DSSO\ WKHVH WZR PHWKRGV WR H[WUDSRODWH VXUYLYDO DQG HYDOXDWH WKHLU
SHUIRUPDQFH E\ XVLQJ WKH VDPH GDWDVHW�

� $LP DQG 5HVHDUFK TXHVWLRQV

��� $LP

7R LQFUHDVH XQGHUVWDQGLQJ RI WKH GLIIHUHQFH DQG VHQVLWLYLW\ RI H[WUDSRODWLQJ FDQFHU SDWLHQW VXU�
YLYDO EHWZHHQ WKH IOH[LEOH SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP E\ FRPSDULQJ ZLWK
WKH HPSLULFDO .DSODQ�0HLHU¶V HVWLPDWH�

��� 5HVHDUFK TXHVWLRQV

�� :KDW LV WKH DOO�FDXVH VXUYLYDO� HVWLPDWHG XVLQJ WKH .DSODQ�0HLHU¶V PHWKRG� IRU SDWLHQWV
GLDJQRVHG ZLWK FRORQ FDQFHU DQG EUHDVW FDQFHU LQ 6ZHGHQ GXULQJ ��������� DQG �����
���� ZLWK IROORZ�XS XQWLO WKH HQG RI ����"

�� :KDW LV WKH GLIIHUHQFH FRPSDUHG ZLWK WKH .DSODQ�0HLHU¶V HVWLPDWH RI DSSO\LQJ WKH IOH[LEOH
SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP PHWKRG WR H[WUDSRODWH WKH VXUYLYDO ZLWK
OLPLWHG IROORZ�XS GDWD"

�� :KDW LV WKH GLIIHUHQFH FRPSDUHG ZLWK WKH .DSODQ�0HLHU¶V HVWLPDWH RI XVLQJ GLIIHUHQW \HDUV
RI IROORZ�XS GDWD WR H[WUDSRODWH WKH VXUYLYDO E\ XVLQJ WKH IOH[LEOH SDUDPHWULF PRGHO DQG
WKH UROOLQJ�RYHU DOJRULWKP PHWKRG"

�� +RZ VHQVLWLYH DUH WKH IOH[LEOH SDUDPHWULF PRGHO DQG WKH UROOLQJ�RYHU DOJRULWKP PHWKRG WR
WKH WXQDEOH SDUDPHWHUV"

�



� 0HWKRGV

��� 6WXG\ GHVLJQ

7KLV VWXG\ LV D QDWLRQZLGH UHJLVWU\�EDVHG FDQFHU FRKRUW VWXG\� &RKRUW VWXG\ GHVLJQ ZDV FKRVHQ
WR HYDOXDWH WKH SHUIRUPDQFH RI WKH )30 DQG WKH 52$ LQ H[WUDSRODWLQJ VXUYLYDO� $ FRKRUW PHDQV
D JURXS RI SHRSOH ZKR VKDUH WKH VDPH FRQGLWLRQ DW EDVHOLQH >��@� KHUH FKDUDFWHUL]HG E\ WKH VDPH
GLDJQRVLV LQ FDQFHU VLWH DQG ZLWKLQ D FHUWDLQ SHULRG RI WLPH� 5RXWLQHO\�FROOHFWHG UHJLVWU\ GDWD
HQDEOHG XV WR IROORZ XS WKH SDWLHQWV DQG FDSWXUH WKHLU VXUYLYDO LQIRUPDWLRQ XQWLO WKH HYHQW �GHDWK�
KDSSHQHG� RU WKH\ EHFDPH FHQVRUHG�

��� 'DWD VRXUFHV DQG SRSXODWLRQ

7RWDOO\ IRXU GLIIHUHQW FRKRUWV RI FRORQ FDQFHU SDWLHQWV �Q = �� ���� GLDJQRVLV LQ ���������� Q
= �� ���� ���������� DQG EUHDVW FDQFHU SDWLHQWV �Q = �� ���� ���������� Q = �� ���� �����
����� ZHUH LGHQWLILHG IURP WKH 6ZHGLVK &DQFHU 5HJLVWHU� E\ XVLQJ ,QWHUQDWLRQDO &ODVVLILFDWLRQ
RI 'LVHDVHV 9HUVLRQ � �FRGH ����[ IRU FRORQ FDQFHU� FRGH ����[ IRU EUHDVW FDQFHU�� 7KH VDPSOH
VL]H FDOFXODWLRQ FKDUWV FDQ EH IRXQG LQ $SSHQGL[ %� 7KH IROORZ�XS LQIRUPDWLRQ RI DOO WKH SD�
WLHQW FRKRUWV ZDV DYDLODEOH XQWLO �� 'HF� ����� ,I QR HYHQW� QDPHO\ QR GHDWK RU ORVW WR IROORZ
XS� KDSSHQHG WR WKH SDWLHQWV E\ WKH HQG RI IROORZ�XS� WKH\ ZHUH FODVVLILHG DV FHQVRUHG� 2QO\
PLFURVFRSLFDOO\�YHULILHG DGHQRFDUFLQRPD SDWLHQWV ZHUH LQFOXGHG� &DVHV GLDJQRVHG DW DXWRSV\
ZHUH H[FOXGHG� ,QGLYLGXDOV ZLWK PXOWLSOH UHFRUGV RI DGHQRFDUFLQRPD ZHUH RQO\ LQFOXGHG ZLWK
WKHLU ILUVW UHFRUGHG GLDJQRVLV� )RU FRORQ FDQFHU SDWLHQWV� ZH LQFOXGHG ERWK VH[ LQ WKH DQDO\VLV�
ZKLOH IRU EUHDVW FDQFHU SDWLHQWV� PDOHV ����� ZHUH H[FOXGHG IURP WKH DQDO\VLV�

7KH XQGHUO\LQJ UHDVRQ IRU FKRRVLQJ GLIIHUHQW FDQFHU VLWHV DQG GLDJQRVLV SHULRGV LV WR HYDOXDWH
WKH H[WUDSRODWLRQ SHUIRUPDQFH RI WKH )30 DQG WKH 52$ LQ GLIIHUHQW VHWWLQJV� ZKHUH WZR FDQFHU
VLWHV ZHUH LQFOXGHG LQ WKLV VWXG\� FRORQ FDQFHU DQG EUHDVW FDQFHU� &RORQ FDQFHU LV D FODVVLF
H[DPSOH RI FDQFHU VXUYLYDO ZLWK VWDWLVWLFDO FXUH SRLQW� GHILQHG DV ZKHQ FDQFHU SDWLHQWV GLH DW
WKH VDPH PRUWDOLW\ DV WKH UHIHUHQFH SRSXODWLRQ >��@� 7KHUHIRUH� WKH ORJ FXPXODWLYH EDVHOLQH�
H[FHVV�KD]DUG IXQFWLRQ ZLOO KDYH ]HUR VORSH DW FXUH SRLQW >��@� 2Q WKH RWKHU KDQG� EUHDVW FDQFHU
LV WKH PRVW IUHTXHQW IHPDOH FDQFHU ZRUOGZLGH >��@� )RU IHPDOHV� WKH ��\HDU UHODWLYH VXUYLYDO RI
EUHDVW FDQFHU LV RQH RI WKH KLJKHVW DPRQJ DOO FDQFHU VLWHV >��� ��@� ZKLFK OHDGV WR RYHUDOO D EHWWHU
VXUYLYDO IRU UHFHQWO\ GLDJQRVHG SDWLHQWV� DQG WKH VXUYLYDO GDWD ZRXOG EH KLJKO\�FHQVRUHG�

/LIH WDEOHV RI 6ZHGHQ ZHUH GRZQORDGHG IURP WKH +XPDQ0RUWDOLW\ 'DWDEDVH >��@� /LIH WDEOH
SURMHFWLRQV RQ GHDWK UDWH ZHUH GRZQORDGHG IURP 6WDWLVWLFV 6ZHGHQ >��@� 7KH 6ZHGLVK &DQFHU
5HJLVWHU ZDV HVWDEOLVKHG LQ ����� DQG E\ ODZ� FOLQLFLDQV DQG SDWKRORJLVWV DUH UHTXLUHG WR UHJLVWHU
DOO LQFLGHQW FDQFHU FDVHV >��@� $V D UHVXOW� WKH FRPSOHWHQHVV DQG UHOLDELOLW\ RI WKH FDQFHU UHJLVWU\
GDWD LQ 6ZHGHQ DUH KLJK >��@�

�



��� 9DULDEOHV

,Q WKH PRGHOV� WKH H[SRVXUH YDULDEOH LV DJH JURXSV� ZKLFK ZHUH REWDLQHG IURP FDWHJRUL]LQJ SD�
WLHQWV¶ DJH DW GLDJQRVLV LQWR � JURXSV �< ��� ������ ������ ������ DQG � ���� 7KH RXWFRPH
YDULDEOH LV YLWDO VWDWXV DW H[LW �GHDWK RU FHQVRULQJ�� 6XUYLYDO WLPH RI LQGLYLGXDOV ZDV FDOFXODWHG
IURP WKH IROORZLQJ YDULDEOHV� GDWH RI GLDJQRVLV� GDWH RI GHDWK� RU GDWH RI H[LW�FHQVRULQJ� ,Q DG�
GLWLRQ WR DJH DQG VXUYLYDO WLPH� VH[ DQG FDOHQGDU \HDU ZHUH DOVR UHTXLUHG LQ WKH DQDO\VLV ZKHQ
PDWFKLQJ WKH SDWLHQWV¶ GDWD WR WKH SRSXODWLRQ PRUWDOLW\ GDWD �OLIH WDEOHV� WR DFFTXLUH WKH H[SHFWHG
VXUYLYDO IXQFWLRQ�

��� 6WDWLVWLFDO DQDO\VHV

:H ILUVW DEVWUDFWHG ���\HDU IROORZ�XS GDWD ����������� RI FRORQ FDQFHU DQG EUHDVW FDQFHU SD�
WLHQWV E\ GLDJQRVLV SHULRGV ���������� DQG ����������� 7KH PD[LPXP DQG PLQLPXP IROORZ�
XS IRU WKH SDWLHQWV GLDJQRVHG GXULQJ ��������� DQG ��������� ZHUH �� WR �� \HDUV DQG � WR ��
\HDUV UHVSHFWLYHO\� VKRZQ LQ )LJXUH �� ,Q WKLV VWXG\� WKH .DSODQ�0HLHU �.�0� PHWKRG� ZKLFK LV
D QRQ�SDUDPHWULF VWDWLVWLF WR HVWLPDWH WKH HPSLULFDO VXUYLYDO IXQFWLRQ RI D FRKRUW RI SHRSOH >��@�
ZDV DSSOLHG WR HVWLPDWH WKH PHDQ REVHUYHG VXUYLYDO RI SDWLHQWV ZLWKLQ WKH IROORZ�XS WLPH�

7R HYDOXDWH WKH H[WUDSRODWLRQ UHVXOWV� ZH UHVWULFWHG WKH IROORZ�XS SHULRG XS WR �� \HDUV IRU
WKH SDWLHQWV GLDJQRVHG GXULQJ ���������� DQG XS WR � \HDUV IRU WKRVH GLDJQRVHG GXULQJ �����
����� :H WKHQ FRPSDUHG WKH SUHGLFWHG VXUYLYDO WR WKH HPSLULFDO .�0 HVWLPDWH DORQJ ZLWK �� �
FRQILGHQFH LQWHUYDOV �&,� ZLWK UHVSHFWLYH �� \HDUV RU �� \HDUV RI IROORZ�XS GDWD� ,Q DGGLWLRQ WR
UHVWULFWLQJ WKH IROORZ�XS WLPH WR � \HDUV RU �� \HDUV� VKRUWHU IROORZ�XS WLPH �� DQG � \HDUV� RU
ORQJHU IROORZ�XS WLPH ��� \HDUV� ZHUH DOVR DSSOLHG WR H[WUDSRODWH IURP WKH HQG RI IROORZ�XS WR
HYDOXDWH WKH GLIIHUHQFH RI H[WUDSRODWLRQ�

)LJXUH �� 0D[LPXP DQG PLQLPXP IROORZ�XS WLPH IRU ERWK FRORQ FDQFHU DQG EUHDVW FDQFHU SDWLHQWV
GLDJQRVHG GXULQJ ��������� DQG ��������� LQ 6ZHGHQ� ZLWK DYDLODEOH IROORZ�XS XQWLO WKH HQG RI �����
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)LJXUH �� *UDSKLFDO LOOXVWUDWLRQ RI DUHD XQGHU WKH FXUYH �$8&� FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU�
$Q H[DPSOH RI VXUYLYDO H[WUDSRODWHG IURP � \HDUV� FRORQ FDQFHU SDWLHQWV DJHG < ��� GLDJQRVLV GXULQJ
���������� 6ZHGHQ �Q � �����

$EVROXWH GLIIHUHQFH DQG UHODWLYH GLIIHUHQFH LQ WKLV VWXG\ ZHUH XVHG DV D SUR[\ IRU HYDOXDWLQJ
KRZ DSSUR[LPDWH WKH H[WUDSRODWLRQ FXUYH LV WR WKH HPSLULFDO .�0 FXUYH� $EVROXWH GLIIHUHQFH
�WKH OLJKW JUH\ DUHD LQ )LJXUH �� ZDV GHILQHG DV WKH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&�
EHWZHHQ WKH .�0 VXUYLYDO IXQFWLRQ DQG WKH H[WUDSRODWHG VXUYLYDO FXUYHV� ERWK RI ZKLFK ZHUH
FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU� )RU H[DPSOH� SDWLHQWV GLDJQRVHG GXULQJ ���������� WKH
DEVROXWH GLIIHUHQFH RI H[WUDSRODWLRQ IURP i \HDUV LV FDOFXODWHG DV

|VXP RI $8& RI H[WUDSRODWLRQ FXUYH i WR �� \HDUV− VXP RI $8& RI .�0 FXUYH i WR �� \HDUV| ����

5HODWLYH GLIIHUHQFH ZDV GHILQHG DV DEVROXWH GLIIHUHQFH �WKH OLJKW JUH\ DUHD� GLYLGHG E\ $8&
RI WKH .�0 VXUYLYDO IXQFWLRQ �VXP RI WKH OLJKW JUH\ DUHD DQG WKH GDUN JUH\ DUHD�� DOVR LOOXV�
WUDWHG E\ )LJXUH �� )RU LQVWDQFH� SDWLHQWV GLDJQRVHG GXULQJ ���������� WKH UHODWLYH GLIIHUHQFH
RI H[WUDSRODWLRQ IURP i \HDUV LV HVWLPDWHG DV

100�×
∣∣∣∣
VXP RI $8& RI H[WUDSRODWLRQ FXUYH i WR �� \HDUV− VXP RI $8& RI .�0 FXUYH i WR �� \HDUV

VXP RI $8& RI .�0 FXUYH i WR �� \HDUV

∣∣∣∣ ����

$V D UHVXOW RI $NDLNH LQIRUPDWLRQ FULWHULRQ �$,&� DQG %D\HVLDQ LQIRUPDWLRQ FULWHULRQ �%,&�
HVWLPDWRU� WKH )30V ZHUH VHW ZLWK � GHJUHHV RI IUHHGRP �G�I�� �� NQRWV� IRU EDVHOLQH� DQG �
G�I� �� NQRWV� IRU DJH JURXS ZLWK WLPH�GHSHQGHQW HIIHFWV� ZKHUH WKH NQRWV DUH SODFHG LQ FHQWLOH
SRVLWLRQV RI WKH VXUYLYDO WLPHV� DV GHIDXOW LQ WKH 6WDWD FRPPDQG biTKk >��@� ,Q WKH )30V� WKH
SUHGLFWHG YDOXHV EH\RQG WKH ODVW ERXQGDU\ NQRW ZHUH VHW WR IROORZ WKH OLQHDU WUHQG� DV ZKHUH
UHVWULFWHG FXELF VSOLQHV IRUFH WKH GDWD LQ WKH WDLO RI WKH GLVWULEXWLRQ >��@� ZLWKRXW PDNLQJ RWKHU
DVVXPSWLRQV� VXFK DV VWDWLVWLFDO FXUH RU FRQVWDQW H[FHVV KD]DUG� )RU WKH 52$� WKH WLPH ZLQGRZ
VL]H� H � ZDV VHW DV � PRQWKV IRU H[WUDSRODWLRQ IURP � RU � \HDUV� �� PRQWKV IRU � \HDUV� DQG
�� PRQWKV IRU �� RU �� \HDUV� 7KH QXPEHU RI NQRWV RI UHVWULFWHG FXELF VSOLQHV XVHG LQ WKH 52$
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ZDV VHW DV �� DV WKH GHIDXOW VHWWLQJ LQ WKH 5 SDFNDJH BaZQGk >�@� 7R REWDLQ EHWWHU HVWLPDWLRQ� RQH
KXQGUHG ERRWVWUDS VDPSOHV RI WKH VDPH VDPSOH VL]H ZHUH FDOFXODWHG IURP WKH RULJLQDO VXUYLYDO
GDWD� 7KH H[WUDSRODWHG VXUYLYDO YDOXH ZDV WKHQ FDOFXODWHG DV WKH PHDQ RI WKH HVWLPDWHG YDOXH
DQG ��� ERRWVWUDSSHG YDOXHV�

,Q VHQVLWLYLW\ DQDO\VLV� LQ DGGLWLRQ WR WKH RULJLQDO )30V XVLQJ � NQRWV �� G�I�� IRU EDVHOLQH
KD]DUG IXQFWLRQ� ZH UHILWWHG PRGHOV RI WKH )30 ZLWK � WR � NQRWV �� WR � G�I��� )RU WKH 52$
PHWKRG� RWKHU WKDQ WKH PDLQ DQDO\VLV� ZH WHVWHG H = �� �� DQG �� IRU H[WUDSRODWLRQ IURP � RU �
\HDUV� H = �� ��� DQG �� IRU H[WUDSRODWLRQ IURP � \HDUV� H = ��� ��� DQG �� IRU H[WUDSRODWLRQ
IURP �� RU �� \HDUV�

$OO WKH PDLQ FRPSXWDWLRQV ZHUH GRQH ZLWK biTKk DQG LWV VXE�SDFNDJHV >��@ LQ 6WDWD �6WDWD�
FRUS� &ROOHJH 6WDWLRQ� 7;� 86$� DQG BaZQGk >�@ DQG LWV VXE�SDFNDJHV LQ 5 �5 )RXQGDWLRQ IRU
6WDWLVWLFDO &RPSXWLQJ� 9LHQQD� $XVWULD��

� (WKLFDO &RQVLGHUDWLRQV

,QGLYLGXDOV ZHUH QRW LGHQWLILHG LQ WKH GDWD XVHG LQ WKLV VWXG\� ,QIRUPHG FRQVHQW ZDV ZDLYHG
LQ WKLV VWXG\� VLQFH WKH VWXG\ XVHG URXWLQHO\�FROOHFWHG GDWD IURP WKH 6ZHGLVK &DQFHU 5HJLVWHU�
$OO GDWD DQDO\VHV DQG SURFHVVLQJ ZHUH GRQH ZLWKRXW SHUVRQDO QXPEHUV� DQG DOO SUHVHQWDWLRQV
ZHUH FDUULHG RXW LQ DJJUHJDWHG IRUP� 7KHUH LV QR GLUHFW EHQHILW IRU WKH VXEMHFWV LQ WKH VWXG\
SRSXODWLRQ� +RZHYHU� RXU UHVXOWV PD\ EHQHILW IXWXUH FDQFHU SDWLHQWV WKURXJK LPSURYLQJ WKH
KHDOWKFDUH V\VWHP� ,Q D UHJLVWU\�EDVHG VWXG\� SHRSOH PD\ H[SHULHQFH LQWHJULW\ LQWUXVLRQ GXH
WR WKHLU GDWD XVHG LQ UHVHDUFK� 1HYHUWKHOHVV� ZH EHOLHYH WKDW WKH VFLHQWLILF EHQHILW DQG SRWHQWLDO
EHQHILW IRU WKH JHQHUDO SRSXODWLRQ RYHUZHLJK WKH ULVN� 7KH VWXG\ KDV EHHQ DSSURYHG E\ WKH HWKLFDO
UHYLHZ ERDUG DW .DUROLQVND ,QVWLWXWHW �3,� 3DXO 'LFNPDQ� $SSURYDO QXPEHU� ���������������

� 5HVXOWV

��� 'HVFULSWLYH VWDWLVWLFV

7DEOH � VKRZV GHVFULSWLYH VWDWLVWLFV IRU PLFURVFRSLFDOO\ YHULILHG FRORQ DQG EUHDVW DGHQRFDUFL�
QRPD SDWLHQWV GLDJQRVHG GXULQJ ��������� RU ��������� LQ 6ZHGHQ� ZLWK IROORZ�XS �REVHUYHG
VXUYLYDO� XQWLO ����� 3DWLHQWV ZKR ZHUH GLDJQRVHG GXULQJ ��������� KDG KLJKHU SURSRUWLRQV RI
FHQVRULQJ GXH WR WKH IROORZ�XS WLPH XS WR ����� )XUWKHUPRUH� \RXQJ EUHDVW FDQFHU SDWLHQWV RYHU�
DOO KDYH JRRG SURJQRVLV� UHVXOWLQJ LQ KLJK SURSRUWLRQV RI FHQVRULQJ DPRQJ UHFHQWO\ GLDJQRVHG
SDWLHQWV� 7KH ODUJHVW SDWLHQW FRKRUW LQ WKLV VWXG\ ZDV WKH EUHDVW FDQFHU SDWLHQWV GLDJQRVHG GXULQJ
��������� �Q= �� ����� ZKHUHDV WKH VPDOOHVW ZDV WKH FRORQ FDQFHU SDWLHQWV GLDJQRVHG EHWZHHQ
��������� �Q = �� ����� $PRQJ WKH FRORQ FDQFHU SDWLHQWV� WKH PRVW FRPPRQ DJH JURXS DW GL�
DJQRVLV ZDV ����� \HDUV ROG� DQG LQ HDFK DJH JURXS RI WKH GLDJQRVLV SHULRG ���������� IHPDOHV
ZHUH VOLJKWO\ PRUH WKDQ PDOHV� KRZHYHU� LQ WKH GLDJQRVLV SHULRG ���������� RQO\ DJH JURXS � ��

��



\HDUV KDG PRUH IHPDOHV WKDQ PDOHV� )RU WKH EUHDVW FDQFHU SDWLHQWV� SHRSOH DJHG ����� \HDUV ROG
ZHUH WKH PRVW FRPPRQ DJH JURXS DW GLDJQRVLV� 0DOHV �< ��� ZHUH H[FOXGHG IURP WKH DQDO\VLV�

7DEOH �� %DVHOLQH FKDUDFWHULVWLFV RI FRORQ FDQFHU SDWLHQWV DQG EUHDVW FDQFHU SDWLHQWV GLDJQRVHG GXULQJ
��������� DQG ���������� 6ZHGHQ� ZLWK IROORZ�XS XQWLO �����

$JH JURXS

��� ����� ����� ����� ��� $OO
&RORQ FDQFHU
��������� 3DWLHQW VL]H �Q� � ��� � ��� � ��� � ��� � ��� �� ���

)HPDOH ��� ����� ����� ����� ����� ����� �����
3URSRUWLRQ RI FHQVRULQJD ��� ����� ����� ���� ���� ���� ����
0HDQ GLDJQRVLV DJH �\HDUV� ����� ����� ����� ����� ����� �����
0HGLDQ REVHUYHG VXUYLYDO �\HDUV� ���� ���� ���� ���� ���� ����

��������� 3DWLHQW VL]H �Q� � ��� � ��� � ��� �� ��� � ��� �� ���
)HPDOH ��� ����� ����� ����� ����� ����� �����
3URSRUWLRQ RI FHQVRULQJD ��� ����� ����� ����� ����� ����� �����
0HDQ GLDJQRVLV DJH �\HDUV� ����� ����� ����� ����� ����� �����
0HGLDQ REVHUYHG VXUYLYDO �\HDUV� ���� ���� ���� ���� ���� ����

%UHDVW FDQFHU
��������� 3DWLHQW VL]H �Q� � ��� � ��� �� ��� �� ��� � ��� �� ���

)HPDOH ��� ��� ��� ��� ��� ��� ���
3URSRUWLRQ RI FHQVRULQJD ��� ����� ����� ���� ���� ���� �����
0HDQ GLDJQRVLV DJH �\HDUV� ����� ����� ����� ����� ����� �����
0HGLDQ REVHUYHG VXUYLYDO �\HDUV� ����� ����� ����� ���� ���� �����

��������� 3DWLHQW VL]H �Q� �� ��� �� ��� �� ��� �� ��� � ��� �� ���
)HPDOH ��� ��� ��� ��� ��� ��� ���
3URSRUWLRQ RI FHQVRULQJD ��� ����� ����� ����� ����� ����� �����
0HDQ GLDJQRVLV DJH �\HDUV� ����� ����� ����� ����� ����� �����
0HGLDQ REVHUYHG VXUYLYDO �\HDUV� ����� ����� ����� ���� ���� ����

D 3DWLHQWV ZHUH FODVVLILHG DV FHQVRUHG DW WKH HQG RI IROORZ�XS� ����� LI QR HYHQW �GHDWK� KDSSHQHG WR WKHP�

��� (YDOXDWLQJ H[WUDSRODWLRQ

)LJXUH � DQG )LJXUH ���� LQ $SSHQGL[ & VKRZ WKH H[WUDSRODWHG VXUYLYDO IXQFWLRQV RI WKH )30
DQG WKH 52$� DORQJ ZLWK WKH .�0 HVWLPDWH RI HPSLULFDO DOO�FDXVH VXUYLYDO IXQFWLRQ ZLWK ���
&,� IRU SDWLHQWV RI HDFK FDQFHU FLWH� GLDJQRVLV SHULRG DQG DJH JURXS� 7DEOH � DLGV WR VKRZ WKH
DEVROXWH GLIIHUHQFH RI $8& EHWZHHQ WKH .�0 VXUYLYDO FXUYHV DQG WKH H[WUDSRODWHG VXUYLYDO
FXUYHV� 2YHUDOO� WKH )30 DQG WKH 52$ KDYH JRRG SHUIRUPDQFH RQ H[WUDSRODWLQJ VXUYLYDO RI
DJH JURXS � ��� ZKHUHDV IRU \RXQJHU DJH JURXSV RYHUHVWLPDWLRQ DQG XQGHUHVWLPDWLRQ KDSSHQ E\
XVLQJ HLWKHU PHWKRG�

)LJXUH � VKRZV UHVXOWV RI FRORQ FDQFHU SDWLHQWV GLDJQRVHG GXULQJ ���������� ZKHUH �� \HDUV
RI IROORZ�XS GDWD ZHUH XVHG IRU H[WUDSRODWHG VXUYLYDO IXQFWLRQV� 7KH 52$ VOLJKWO\ RYHUHVWL�

��



)LJXUH �� .DSODQ�0HLHU �.�0� VXUYLYDO IXQFWLRQ ZLWK ��� FRQILGHQFH LQWHUYDO �&,� XVLQJ �� \HDUV RI
IROORZ�XS� LQ FRPSDULVRQ ZLWK H[WUDSRODWHG VXUYLYDO IXQFWLRQV XVLQJ �� \HDUV RI IROORZ�XS� E\ WKH IOH[L�
EOH SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP �52$�� IRU FRORQ FDQFHU SDWLHQWV GLDJQRVHG
GXULQJ ���������� 6ZHGHQ �Q �� �����

PDWHV WKH VXUYLYDO RI DJH JURXS < �� ZLWK ���� \HDUV RI $8& GLIIHUHQFH� $V IRU WKH RWKHU
DJH JURXSV� WKH WZR DSSURDFKHV JLYH VXIILFLHQWO\ SUHFLVH SUHGLFWLRQ RQ WKH VXUYLYDO IXQFWLRQV
ZLWK $8& GLIIHUHQFH OHVV WKDQ ��� \HDUV� )LJXUH � �$SSHQGL[ &� VKRZV UHVXOWV RI FRORQ FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ���������� :LWK � \HDUV RI IROORZ�XS GDWD� WKRXJK WKH )30 LQFRQ�
VLGHUDEO\ XQGHUHVWLPDWHV WKH VXUYLYDO RI HDFK DJH JURXS ZLWK WKH ODUJHVW GLIIHUHQFH� ���� \HDUV�
LQ DJH JURXS< ��� WKH H[WUDSRODWHG VXUYLYDO IXQFWLRQV DUH ERWK FORVH WR WKH HPSLULFDO .�0 FXUYH�
)LJXUH �� �$SSHQGL[ &� VKRZV UHVXOWV RI EUHDVW FDQFHU SDWLHQWV GLDJQRVHG GXULQJ ����������
7KH WZR DSSURDFKHV JLYH D JRRG ILW RQ WKH SUHGLFWHG VXUYLYDO LQ VSLWH RI XQGHUHVWLPDWLQJ SDWLHQWV
DJHG < ��� ZKHUH WKH 52$ XQGHUHVWLPDWHV WKH VXUYLYDO ZLWK ���� \HDUV DQG WKH 52$ ZLWK ����
\HDUV� )LJXUH �� �$SSHQGL[ &� VKRZV UHVXOWV RI EUHDVW FDQFHU SDWLHQWV GLDJQRVHG GXULQJ �����
����� 1RWZLWKVWDQGLQJ WKH KLJK SURSRUWLRQ RI FHQVRULQJ �PRUH WKDQ �� � IRU DJH JURXS > ���
������ DQG ������� WKH VXUYLYDO IXQFWLRQV H[WUDSRODWHG ZLWK RQO\ � \HDUV RI IROORZ�XS GDWD DUH
FRQVLGHUDEO\ FORVH WR WKH HPSLULFDO .�0 FXUYH ZLWK �� \HDUV RI IROORZ�XS WLPH ZLWK GLIIHUHQFH
OHVV WKDQ ���� \HDUV LQ HDFK DJH JURXS�

��



7DEOH �� 7KH DEVROXWH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ WKH .DSODQ�0HLHU �.�0� FXUYHV
DQG WKH H[WUDSRODWHG VXUYLYDO FXUYHV RI WKH IOH[LEOH SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJR�
ULWKP �52$�� E\ FDQFHU VLWH DQG DJH JURXS� XVLQJ � RU �� \HDUV RI IROORZ�XS WLPH IRU H[WUDSRODWLRQ� GL�
DJQRVLV LQ ��������� RU ���������� 6ZHGHQ� �&RORQ ���������� Q �� ���� FRORQ ���������� Q ������
EUHDVW ���������� Q �� ���� EUHDVW ���������� Q �� �����

$JH JURXS

��� ����� ����� ����� ���
&RORQ FDQFHU
���������� H[WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� ����
)30� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����
52$� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����

���������� H[WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����
52$� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����

%UHDVW FDQFHU
���������� H[WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����
52$� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����

���������� H[WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����
52$� GLIIHUHQFH �\HDUV� ���� ���� ���� ���� ����

D $8& ZDV FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU WR WKH HQG RI IROORZ�XS�
E 3DWLHQWV ZHUH PDGH DV FHQVRUHG DW WKH HQG RI OLPLWHG IROORZ�XS� � RU �� \HDUV� LI QR
HYHQW �GHDWK� KDSSHQHG WR WKHP�

)LJXUH � GHPRQVWUDWHV UHODWLYH GLIIHUHQFH XVLQJ OLPLWHG IROORZ�XS WLPH IRU H[WUDSRODWLRQ�
IRU WKH SDWLHQWV RI GLIIHUHQW FDQFHU FLWHV DQG GLDJQRVLV SHULRGV� E\ DJH JURXS� )RU SDWLHQWV GLDJ�
QRVHG GXULQJ ���������� �� �� ��� DQG �� \HDUV RI IROORZ�XS GDWD ZHUH DSSOLHG IRU H[WUDSRODWLRQ�
ZKHUHDV �� �� �� DQG �� \HDUV RI IROORZ�XS GDWD ZHUH XVHG IRU H[WUDSRODWLRQ IRU SDWLHQWV GLDJ�
QRVHG EHWZHHQ ���������� 2YHUDOO IRU \RXQJHU DJH JURXSV� WKH UHODWLYH GLIIHUHQFH LV ODUJHU ZKHQ
XVLQJ D VKRUWHU IROORZ�XS SHULRG RI GDWD IRU H[WUDSRODWLRQ� )RU \RXQJHU FRORQ FDQFHU SDWLHQWV �<
�� \HDUV�� WKH 52$ SHUIRUPV EHWWHU H[WUDSRODWLRQ ZLWK < �� � UHODWLYH GLIIHUHQFH JLYHQ RQO\ �
RU � \HDUV RI GDWD� 2Q WKH FRQWUDU\� IRU \RXQJHU EUHDVW FDQFHU SDWLHQWV �< �� \HDUV�� WKH UHODWLYH
GLIIHUHQFH RI XVLQJ WKH )30 LV ORZHU WKDQ WKH 52$ LI � RU � \HDUV RI VXUYLYDO GDWD ZDV DSSOLHG
IRU H[WUDSRODWLRQ� 7KH UHODWLYH GLIIHUHQFH DPRQJ ROGHU DJH JURXSV LV KLJKHU� HVSHFLDOO\ ZKHQ

��



XVLQJ ORQJHU IROORZ�XS SHULRGV IRU H[WUDSRODWLRQ�

)LJXUH �� 5HODWLYH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ WKH.DSODQ�0HLHU �.�0� FXUYHV DQG
WKH H[WUDSRODWHG VXUYLYDO FXUYHV RI WKH IOH[LEOH SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP
�52$�� XVLQJ GLIIHUHQW OLPLWHG IROORZ�XS WLPH IRU H[WUDSRODWLRQ� E\ FDQFHU VLWH DQG DJH JURXS� GLDJQRVLV
LQ ��������� RU ���������� 6ZHGHQ� �&RORQ ���������� Q �� ���� FRORQ ���������� Q �� ���� EUHDVW
���������� Q �� ���� EUHDVW ���������� Q �� �����

��� 6HQVLWLYLW\ DQDO\VLV

7DEOH � DORQJ ZLWK 7DEOH ��� �$SSHQGL[ '� GLVSOD\ KRZ VHQVLWLYH WKH )30 LV WR WKH G�I� �WKH
QXPEHU RI NQRWV IRU UHVWULFWHG FXELF VSOLQHV�� DQG WKH 52$ LV WR WKH VL]H RI WKH PRYLQJ WLPH�
ZLQGRZ �H�PRQWK WLPH SRLQWV�� E\ FRPSDULQJ WKH UHVXOWV RI DEVROXWH GLIIHUHQFH RI $8&EHWZHHQ
WKH .�0 FXUYHV DQG WKH H[WUDSRODWHG VXUYLYDO FXUYHV RI WKH )30 DQG WKH 52$�

)RU WKH )30� WKH ODUJHVW GLIIHUHQFH RI $8& DEVROXWH GLIIHUHQFH LV ���� \HDUV� ZKLFK LV RE�
VHUYHG EHWZHHQ � DQG � G�I�� XVLQJ �� \HDUV IRU H[WUDSRODWLQJ VXUYLYDO RI DJH JURXS< �� RI EUHDVW
FDQFHU SDWLHQWV GLDJQRVHG GXULQJ ��������� �7DEOH ��� &RQWUDULO\� WKH VPDOOHVW GLIIHUHQFH LV �
\HDUV�

)RU WKH 52$� WKH $8& GLIIHUHQFH YDULHV PRUH E\ XVLQJ GLIIHUHQW VL]HV RIH �PRQWKV�� HVSH�
FLDOO\ H[WUDSRODWLQJ � RU � \HDUV RI IROORZ�XS WLPH DPRQJ \RXQJHU DJH JURXSV� )RU H[DPSOH� LQ
DJH JURXS< �� RI FRORQ FDQFHU SDWLHQWV GLDJQRVHG GXULQJ ��������� �7DEOH ��� WKH GLIIHUHQFH RI
XVLQJ � \HDUV IRU H[WUDSRODWLRQ LV ���� \HDUV IRU H = � YHUVXV ����� \HDUV IRU H = ��� ZKHUHDV
WKH GLIIHUHQFH RI XVLQJ �� \HDUV LV ���� \HDUV IRUH = �� YHUVXV ���� IRUH = ��� ,Q FRQWUDVW� WKH
VL]H RI WKH WLPH�ZLQGRZ KDV OHVV LPSDFW RQ XVLQJ PRUH WKDQ � \HDUV IRU H[WUDSRODWLQJ VXUYLYDO
RI ROGHU DJH JURXSV ������ ������ DQG � ��� )RU LQVWDQFH� DJH JURXS ����� RI EUHDVW FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ��������� �7DEOH ��� XVLQJ � \HDUV KDV GLIIHUHQFH RI ���� \HDUV IRU

��



H = � YHUVXV ���� \HDUV IRU H = ��� DQG XVLQJ �� \HDUV KDV WKH $8& GLIIHUHQFH OHVV WKDQ ����
\HDUV UHJDUGOHVV RI H = ��� ��� RU ���

7DEOH �� 7KH DEVROXWH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ .DSODQ�0HLHU �.�0� FXUYH DQG
WKH IOH[LEOH SDUDPHWULF PRGHO �)30� XVLQJ GLIIHUHQW GHJUHHV RI IUHHGRP LQ WKH PRGHOV DQG WKH UROOLQJ�
RYHU DOJRULWKP �52$� XVLQJ GLIIHUHQW VL]HV �H PRQWKV� RI WLPH�ZLQGRZ � E\ DJH JURXS� IRU FRORQ FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ���������� 6ZHGHQ �Q �� �����

$JH JURXS

GI + ��� ����� ����� ����� ���
&RORQ FDQFHU ���������
([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ����� ���� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJ E ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� ����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ���� ����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

D $8& RI .�0 FXUYH ZDV FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU WR WKH HQG RI IROORZ�
XS�

E 3DWLHQWV ZHUH PDGH FHQVRUHG DW WKH HQG RI OLPLWHG IROORZ�XS� �� �� ��� RU �� \HDUV�
LI QR HYHQW �GHDWK� KDSSHQHG WR WKHP�

��



� 'LVFXVVLRQ

��� 6XPPDU\ RI UHVXOWV

7KLV VWXG\ KDV GHPRQVWUDWHG WKH GLIIHUHQFH EHWZHHQ H[WUDSRODWLQJ FDQFHU SDWLHQW VXUYLYDO ZLWK
WKH )30 DQG WKH 52$� &RPSDUHG WR WKH HPSLULFDO .�0¶V HVWLPDWH� ZH KDYH GLVSOD\HG GLIIHUHQFH
RI $8& FKDQJHV RYHU WLPH DV H[WUDSRODWLRQ ZDV FDUULHG RXW E\ XVLQJ VHSDUDWH FRKRUWV RI FDQFHU
SDWLHQW GDWD� :LWK D ORQJHU IROORZ�XS SHULRG RI WLPH� WKH )30¶V DQG WKH 52$¶V H[WUDSRODWLRQ
FXUYHV DUH ERWK FORVHU WR WKH HPSLULFDO .�0 FXUYH� ,Q FRQWUDVW� JLYHQ VKRUWHU IROORZ�XS GDWD� WKH
DEVROXWH DQG UHODWLYH GLIIHUHQFH RI $8& EHWZHHQ WKH HPSLULFDO .�0 FXUYH DQG WKH H[WUDSRODWLRQ
FXUYHV RI WKH )30 DQG WKH 52$ DUH VWLOO SRWHQWLDOO\ KLJKHU� HYHQ WKRXJK WKH 52$ WDNHV WKH
DGYDQWDJH RI XVLQJ DQ DGMXVWDEOH PRYLQJ WLPH�ZLQGRZ IRU H[WUDSRODWLRQ� DQG WKH )30 LV QRW
VHQVLWLYH WR WKH QXPEHU RI NQRWV DSSOLHG�

��� ,QWHUSUHWDWLRQ RI UHVXOWV

7KH VWXG\ UHVXOWV LQ )LJXUH � VKRZHG WKDW ZKHQ XVLQJ ORQJHU IROORZ�XS SHULRGV IRU H[WUDSRODWLRQ�
WKH UHODWLYH GLIIHUHQFH DPRQJ SDWLHQWV DJHG � �� ZDV KLJK� 1HYHUWKHOHVV� LQ IDFW� ERWK WKH )30
DQG WKH 52$ SUHGLFWHG SUHFLVH VXUYLYDO IRU ROGHU DJH JURXSV JLYHQ DGHTXDWH IROORZ�XS WLPH� 7KH
H[SODQDWLRQ LV WKDW WKH YDOXH RI $8& RI .�0 FXUYHV �WKH GHQRPLQDWRU RI UHODWLYH GLIIHUHQFH� LV
DOUHDG\ VPDOO IRU ROGHU DJH JURXSV� VR LW EHFRPHV PXFK VPDOOHU ZKHQ DSSO\LQJ ORQJHU IROORZ�XS
GDWD IRU H[WUDSRODWLRQ� UHVXOWLQJ D KLJK SHUFHQWDJH LQ UHODWLYH GLIIHUHQFH�

8QFHUWDLQW\ LQ H[WUDSRODWLRQ OLHV LQ ERWK WKH VHOHFWHG PRGHO DQG WKH WXQDEOH SDUDPHWHU >��@�
7KH VHQVLWLYLW\ DQDO\VLV VKRZHG WKDW WKH H[WUDSRODWLRQ ZDV QRW VHQVLWLYH WR WKH QXPEHU RI NQRWV
XVHG LQ WKH )30� ZKLFK FRUUHVSRQGV WR WKH ILQGLQJV E\ $QGHUVVRQ HW DO� DQG 6\ULRSRXORX HW
DO� >�� ��@� $QRWKHU DGYDQWDJH RI XVLQJ UHVWULFWHG FXELF VSOLQHV LQ WKH )30 LV WKDW PDNLQJ
DVVXPSWLRQ RI WKH PRGHO LV DYDLODEOH� )RU LQVWDQFH� ZH FDQ DVVXPH VWDWLVWLFDO FXUH E\ SODFLQJ
WKH NQRW WR IRUFH WKH FXPXODWLYH H[FHVV KD]DUG WR KDYH ]HUR VORSH DIWHU D FHUWDLQ WLPH SRLQW >��@�
RU DVVXPH FRQVWDQW H[FHVV KD]DUG EH\RQG WKH ODVW ERXQGDU\ NQRW >�� ��@� 2Q WKH RWKHU KDQG� WKH
H[WUDSRODWLRQ UHVXOWV E\ WKH 52$ ZHUH VHQVLWLYH WR WKH WLPH ZLQGRZ VL]H� H �PRQWKV�� *LYHQ D
ELJJHU VL]H RI WLPH�ZLQGRZ� H�J�� H = � RU ��� IRU H[WUDSRODWLRQ IURP � RU � \HDUV� WKH DEVROXWH
GLIIHUHQFH ZRXOG EH FRQVLGHUDEO\ ODUJHU� ZKHUHDV IRU H[WUDSRODWLRQ IURP �� RU �� \HDUV� XVLQJ
GLIIHUHQW H GLG QRW KDYH PXFK LPSDFW RQ WKH DEVROXWH GLIIHUHQFH RI $8&�

&RQYHQWLRQDOO\� LI WKH REVHUYHG SHULRG FDSWXUHV VXIILFLHQWO\ ORQJ IROORZ�XS VXUYLYDO GDWD�
VXLWDEOH PRGHOV FDQ EH XVHG WR H[WUDSRODWH VXUYLYDO WR HVWLPDWH ORQJ�WHUP VXUYLYDO >�� ��� ��@�
)LJXUH �� � $SSHQGL[ (� WDNHV FRORQ FDQFHU SDWLHQWV DJHG ����� GLDJQRVHG GXULQJ ���������
DV DQ H[DPSOH� VKRZLQJ WKDW RQ WKH ORJ FXPXODWLYH H[FHVV KD]DUG VFDOH� OQΛ(t)� KRZ PXFK WKH
SUHGLFWHG FXUYHV H[WUDSRODWHG E\ WKH )30 GHYLDWHV IURP WKH HPSLULFDO FXUYH E\ XVLQJ VKRUW RU
ORQJ IROORZ�XS GDWD� $ GUDVWLF FKDQJH RYHU WKH ILUVW ILYH \HDUV ZDV REVHUYHG IURP WKH HPSLULFDO
VXUYLYDO� 7KXV� JLYHQ RQO\ � RU � \HDUV RI IROORZ�XS GDWD XVHG IRU PRGHOLQJ DQG H[WUDSRODWLRQ�

��



WKH SUHGLFWHG FXUYH RI ORJ FXPXODWLYH H[FHVV KD]DUG DSSDUHQWO\ GHYLDWHV IURP WKH WUXH .�0
FXUYH� OHDGLQJ WR D ODUJHU UHODWLYH GLIIHUHQFH VKRZQ LQ )LJXUH �� 6LPLODUO\� )LJXUH �� �$SSHQGL[
(� XVHV WKH VDPH JURXS RI SHRSOH DV DQ H[DPSOH� GLVSOD\LQJ WKDW WKH ORJLW WUDQVIRUPDWLRQ RI
UHODWLYH VXUYLYDO� ORJLW R̂(t)� H[WUDSRODWHG E\ WKH 52$� LV FORVHU WR WKH HPSLULFDO ORJLWR(t) LI
ORQJHU IROORZ�XS GDWD ZDV XVHG IRU H[WUDSRODWLRQ� %RWK )LJXUH �� DQG )LJXUH �� VKRZ WKDW
ZLWK VXIILFLHQWO\ ORQJ IROORZ�XS GDWD� WKH FXUYH RI ORJ FXPXODWLYH H[FHVV KD]DUG RU ORJLW UHODWLYH
VXUYLYDO ZRXOG JDLQ FRQVWDQW H[FHVV KD]DUG DQG EH DSSUR[LPDWH WR D VWUDLJKW OLQH� 8QGHU WKLV
FRQGLWLRQ� H[WUDSRODWLQJ VXUYLYDO ZRXOG REWDLQ UHDVRQDEOH DFFXUDF\�

��� &RPSDULVRQ ZLWK SUHYLRXV VWXGLHV

7KH UHVXOWV RI RXU VWXG\ VKRZ DW OHDVW � RU �� \HDUV RI IROORZ�XS GDWD GHSHQGLQJ RQ WKH VHOHFWHG
SDWLHQW FRKRUW LV QHHGHG WR DFTXLUH FRQVWDQW H[FHVV KD]DUG WR SHUIRUP UREXVW H[WUDSRODWLRQ� &KX
HW DO� YDOLGDWHG XVLQJ � \HDUV RI IROORZ�XS GDWD RI �� PDMRU FDQFHUV IURP 7DLZDQ¶V 1DWLRQDO &DQ�
FHU 5HJLVWU\� GLDJQRVLV EHWZHHQ ���� DQG ����� WR H[WUDSRODWH VXUYLYDO DQG HVWLPDWH //( >�@�
$QGHUVVRQ HW DO� UHFRPPHQGHG XVLQJ DW OHDVW �� \HDUV RI IROORZ�XS IRU H[WUDSRODWLQJ VXUYLYDO
LQ SRSXODWLRQ�EDVHG FRKRUW VWXGLHV� HVWLPDWHV ZHUH PDGH IRU SDWLHQWV RI FRORQ FDQFHU� EUHDVW
FDQFHU� PHODQRPD� DQG EODGGHU FDQFHU GLDJQRVHG GXULQJ ������� ZLWK IROORZ�XS XQWLO ����� LQ
6ZHGHQ >�@� $QRWKHU ZRUN E\ $QGHUVVRQ DQG KHU FROOHDJXHV RQ //( HVWLPDWLRQ IRU FRORQ FDQ�
FHU SDWLHQWV DOVR UHVWULFWHG WKH IROORZ�XS WLPH XS WR �� \HDUV WR DFFXUDWHO\ H[WUDSRODWH VXUYLYDO
>�@� $OVR DW OHDVW �� \HDUV RI IROORZ�XS ZHUH DSSOLHG IRU HVWLPDWLQJ FKURQLF P\HORLG OHXNHPLD
SDWLHQWV¶ /( LQ 6ZHGHQ DQG HVWLPDWLQJ /( RI PDMRU FDQFHU SDWLHQWV LQ $XVWUDOLD >��� ��@� :ULJKW
DQG 0RRULQ LGHQWLILHG � SULRULW\ FDQFHUV IURP WKH :HVWHUQ $XVWUDOLD &DQFHU 5HJLVWU\ DQG FRQ�
FOXGHG WKDW PLQLPXP WLPH QHHGHG IRU HVWLPDWLQJ //( GLIIHUV EHWZHHQ FDQFHU VLWHV DQG IURP
SRSXODWLRQ WR SRSXODWLRQ >��@� )DQJ HW DO� H[WUDSRODWHG WKH VXUYLYDO D FRKRUW RI SDWLHQWV ZLWK
KXPDQ LPPXQRGHILFLHQF\ YLUXV LQIHFWLRQ DQG IRXQG WKDW LI WKH H[FHVV KD]DUG UHPDLQV FRQVWDQW
RYHU WLPH� WKH FXUYH RI WKH ORJLW RI UHODWLYH VXUYLYDO ZLOO EH DSSUR[LPDWH WR D VWUDLJKW OLQH� ZKLFK
LV PRUH SODXVLEOH IRU SUHGLFWLRQ >��@�

��� 6WUHQJWKV DQG OLPLWDWLRQV

6WUHQJWKV RI WKLV VWXG\ LQFOXGH VKRZLQJ KRZ WKH FKRLFH RI SDUDPHWHUV ZLWKLQ PRGHOV LQIOXHQFHV
WKH SUHFLVLRQ RI VXUYLYDO H[WUDSRODWLRQ� DQG XVLQJ WKH SRSXODWLRQ�EDVHG UHJLVWU\ GDWD IURP WKH
6ZHGLVK &DQFHU 5HJLVWHU� (YHQ WKRXJK SUHYLRXV VWXGLHV KDYH DOUHDG\ XVHG WKH VDPH QDWLRQZLGH
FDQFHU UHJLVWU\ WR HVWLPDWH //( GXH WR FDQFHU >�� �� ��� ��� ��@� E\ XVLQJ WKH VDPH )30 ZLWKLQ
UHODWLYH VXUYLYDO IUDPHZRUN� ZH LQFUHDVHG WKH NQRZOHGJH E\ H[WUDSRODWLQJ WKH VXUYLYDO RI WKH
SDWLHQWV LGHQWLILHG IURP GLIIHUHQW GLDJQRVLV SHULRGV� HYHQ LQFOXGLQJ D PRUH UHFHQW SHULRG RI WLPH
�GLDJQRVLV GXULQJ ����������� 2XU VWXG\ DLGHG WKH 52$ D PRUH KROLVWLF YLHZSRLQW RI LWV VHQVL�
WLYLW\ WR WKH WLPH�ZLQGRZ VHOHFWLRQ DQG WKH IROORZ�XS WLPH XVHG� ZKLFK ZDV QRW HPSKDVL]HG E\
SUHYLRXV VWXGLHV XVLQJ WKH 52$ PHWKRG WR HVWLPDWH //( DQG LQWHJUDWH LQWR FRVW�HIIHFWLYHQHVV
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DQDO\VLV >�� �� ��±��@� $GGLWLRQDOO\� WR RXU XQGHUVWDQGLQJ� WKLV LV WKH YHU\ ILUVW WLPH WKDW WKH 52$
PHWKRG ZDV DSSOLHG WR H[WUDSRODWH VXUYLYDO E\ XVLQJ GDWD IURP WKH 6ZHGLVK &DQFHU 5HJLVWHU�

7KLV VWXG\ KDV VRPH OLPLWDWLRQV� ,QIRUPDWLRQ RQ PLJUDWLRQ ZDV QRW DYDLODEOH LQ WKH GDWD�
VR WKHUH PLJKW EH VRPH SDWLHQWV ZKR ZHUH GLDJQRVHG ZLWK FDQFHU EXW KDG DOUHDG\ HPLJUDWHG
IURP 6ZHGHQ� UHVXOWLQJ LQ XQNQRZQ ORVW WR IROORZ�XS� )RU H[DPSOH� � �� \HDU�ROG SDWLHQWV
ZHUH GLDJQRVHG GXULQJ ��������� LI WKH\ ZHUH FHQVRUHG DW WKH HQG RI WKH IROORZ�XS� ����� DQG
WKH\ ZHUH DOUHDG\ DW OHDVW ��� \HDUV ROG� ZKLFK PD\ EH XQUHDVRQDEOH� +RZHYHU� ZH DVVXPHG
WKLV ZRXOG QRW KDYH PXFK LPSDFW RQ WKH UHVXOWV� VLQFH WKH 6ZHGLVK &DQFHU 5HJLVWHU KDV D KLJK
FRPSOHWHQHVV RI ��� >��@� ZKLFK RYHUDOO FDSWXUHV DOO WKH RWKHU LQIRUPDWLRQ QHHGHG LQ WKLV VWXG\�
$QRWKHU OLPLWDWLRQ LV WKDW DEVROXWH GLIIHUHQFH DQG UHODWLYH GLIIHUHQFH ZHUH LQWHUSUHWHG DV KRZ
FORVH WKH H[WUDSRODWLRQ FXUYH LV WR WKH HPSLULFDO .�0 FXUYH� +RZHYHU� HYHQ WKRXJK WKH DEVROXWH
GLIIHUHQFH RU UHODWLYH GLIIHUHQFH LV VPDOO� LW LV QRW DEVROXWHO\ HTXLYDOHQW WR DFFXUDWH H[WUDSRODWLRQ�
,I WKH H[WUDSRODWLRQ FXUYH DQG WKH .�0 FXUYH FURVV RYHU� WKH GLIIHUHQFH EHWZHHQ WKHLU $8& FRXOG
EH FDQFHOHG RXW� RI ZKLFK KRZHYHU RQO\ YHU\ IHZ VFHQDULRV KDG WKLV LVVXH LQ RXU VWXG\�

��� *HQHUDOL]DELOLW\

)RU JHQHUDOL]DELOLW\ RI WKLV VWXG\� RWKHU IDFWRUV� VXFK DV SURJQRVLV RI WKH GLVHDVH� FOLQLFDO NQRZO�
HGJH� DGYDQFHPHQW RI WUHDWPHQW� DQG FKDUDFWHULVWLFV RI WKH SRSXODWLRQ VKRXOG EH WDNHQ LQWR FRQ�
VLGHUDWLRQ ZKHQ HYDOXDWLQJ WKH PLQLPXP WLPH RI IROORZ�XS GDWD QHHGHG IRU UREXVWO\ H[WUDSR�
ODWLQJ VXUYLYDO >��� ��@� ,Q DGGLWLRQ WR FDQFHU� WKH )30 RU WKH 52$ DOVR HQDEOH XV WR SUHGLFW
VXUYLYDO RI SDWLHQWV ZLWK RWKHU GLVHDVHV� RU IURP RWKHU VPDOOHU GDWDVHWV� VXFK DV FOLQLFDO WULDOV�
+RZHYHU� RQH SRWHQWLDO H[FHSWLRQ LQ SRSXODWLRQ�EDVHG VWXGLHV LV SDWLHQWV RI D FHUWDLQ GLVHDVH
ZKRVH H[FHVV KD]DUG LV QHJDWLYH� QDPHO\� WKHLU VXUYLYDO LV EHWWHU WKDQ WKH JHQHUDO SRSXODWLRQ� ,Q
WKLV FDVH� FRQVWDQW H[FHVV KD]DUG LV QRW DWWDLQHG� DQG WKH WUDQVIRUPDWLRQ RI WKH UHODWLYH VXUYLYDO
PD\ QRW FRQYHUJH WR D VWUDLJKW OLQH� ZKLFK PD\ DFTXLUH H[WUD DVVXPSWLRQ WR GHFUHDVH LQDFFXUDF\
LQ H[WUDSRODWLRQ�

��� ,PSOLFDWLRQ IRU SXEOLF KHDOWK DQG IXWXUH UHVHDUFK

)XUWKHU UHVHDUFK LQWR GLIIHUHQW FDQFHU SDWLHQW FRKRUWV ZRXOG DXJPHQW KRZ VHQVLWLYH WKH H[WUDSR�
ODWHG VXUYLYDO RI FDQFHU SDWLHQWV LV WR WKH VHOHFWLRQ RI PRGHO DQG SDUDPHWHU� 2WKHU WKDQ XVLQJ WKH
GLIIHUHQFH RI $8& DV D SUR[\ RI HYDOXDWLQJ H[WUDSRODWLRQ� ZH UHFRPPHQG WR FDOFXODWH WKH DFWXDO
GLIIHUHQFH EHWZHHQ WKH H[WUDSRODWLRQ FXUYH DQG WKH .�0 FXUYH LQ DYRLGDQFH RI FDQFHOOLQJ RXW RI
$8&� 1RW RQO\ FDQ ZH XVH SDWLHQWV RI GLIIHUHQW DJH JURXSV� FDQFHU VLWHV� GLDJQRVLV SHULRGV� EXW LW
LV DOVR DYDLODEOH WR H[WUDSRODWH VXUYLYDO E\ VWDJHV RI FDQFHU� ZKLFK WKH 6ZHGLVK &DQFHU 5HJLVWHU
KDV LQIRUPDWLRQ RQ IURP ����� RU E\ RWKHU FRYDULDWHV� VXFK DV VH[ >��@� VRFLR�HFRQRPLF VWDWXV
>��@� HGXFDWLRQ OHYHO >��@� DQG VR RQ� ,Q DGGLWLRQ� HYHQ WKRXJK LQ WKLV VWXG\ ZH RQO\ LQYHVWLJDWHG
FDQFHU SDWLHQW VXUYLYDO H[WUDSRODWLRQ� ERWK WKHVH WZR PHWKRGV DUH QRW OLPLWHG WR EH RQO\ DSSOLHG
LQ FDQFHU VXUYLYDO EXW SRWHQWLDOO\ DOVR RWKHU GLVHDVHV >��� ��� ��� ��@�
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)RU IXWXUH UHVHDUFK� LW FRXOG EH RI YDOXH WR H[DPLQH WKH LPSDFW RI VDPSOH VL]H RQ VXUYLYDO
H[WUDSRODWLRQ� IRU H[DPSOH� UDQGRPO\ VHOHFWLQJ VDPSOHV IURP WKH RULJLQDO GDWDVHW RU H[WUDSRODW�
LQJ VPDOOHU FOLQLFDO WULDO GDWD� 3RWHQWLDOO\� H[WUDSRODWLRQ FDQ EH VHQVLWLYH WR D VXEVHW RI WKH GDWD
GXH WR D UHGXFHG VDPSOH VL]H >��@� $QRWKHU WRSLF RI LQWHUHVW LV WR ZKDW H[WHQW WKH VXUYLYDO UDWH
RI FDQFHU ZRXOG LQIOXHQFH WKH PRGHO SHUIRUPDQFH RQ H[WUDSRODWLRQ� ,I WKH VXUYLYDO RI D SDWLHQW
FRKRUW FDQ EH ZHOO FDSWXUHG� L�H� H[WUHPHO\ JRRG RU SRRU VXUYLYDO UDWH �PRVW SDWLHQWV VXUYLYH RU
GLH DIWHU GLDJQRVLV�� LW LV PRUH OLNHO\ WR SUHGLFW WKH VXUYLYDO SUHFLVHO\ GHVSLWH OLPLWHG IROORZ�XS
GDWD� +RZHYHU� WKH VXUYLYDO UDWHV RI VHYHUDO FDQFHU VLWHV OLH LQ�EHWZHHQ� ZKLFK LQGLFDWHV WKH
LPSRUWDQFH RI LQYHVWLJDWLRQ LQWR H[FHVV KD]DUG WR XQGHUVWDQG ZKHWKHU RU QRW WKH VXUYLYDO DWWDLQV
VWDWLVWLFDO FXUH RU FRQVWDQW H[FHVV KD]DUG >��� ��� ��@�

7KH VWXG\ UHVXOWV KDYH LPSOLFDWLRQV RI SUHGLFWLQJ FDQFHU SDWLHQW VXUYLYDO RYHU WLPH DQG HV�
WLPDWLQJ //( DIWHU FDQFHU GLDJQRVLV WR XQGHUVWDQG WKH EXUGHQ RI FDQFHU EHWZHHQ VXE�JURXSV�
VXFK DV WKH JHQHUDO SRSXODWLRQ DQG WKH FDQFHU SDWLHQW FRKRUW� RU YDU\LQJ GLIIHUHQW FDQFHU W\SHV�
7KH ILQGLQJV RI WKLV VWXG\ FDQ DOVR EH DSSOLHG LQ FRVW�HIIHFWLYHQHVV VWXGLHV RQ KHDOWK WHFKQRORJ\
DVVHVVPHQW� ,Q RUGHU WR TXDQWLI\ WKH EXUGHQ RI FDQFHU IURP ERWK KHDOWKFDUH VHFWRU SHUVSHFWLYH
DQG VRFLHWDO SHUVSHFWLYH >��@� KHDOWK RXWFRPHV �H�J�� VXUYLYDO� DQG FRQVHTXHQFHV RI KHDOWK �H�J��
PHGLFDO FRVW� TXDOLW\ RI OLIH� DQG SURGXFWLYLW\ ORVV� ZLOO UHTXLUH SUHGLFWLRQ EH\RQG WKH DYDLODEOH
WLPH IRU MXVWLI\LQJ SDWLHQWV¶ OLIHWLPH KHDOWKFDUH UHVRXUFH XVH� ZKHUH H[WUDSRODWLRQ LV RIWHQ FDU�
ULHG RXW >�@� $FFXUDWH HVWLPDWHV RI SUHGLFWHG VXUYLYDO FRXOG OHDG WR UHDVRQDEOH TXDQWLILFDWLRQ
RI H[SHFWHG OLIH WLPH VXUYLYDO� //(� SRSXODWLRQ PHDQ PHGLFDO FRVWV� DQG RWKHU KHDOWK EHQHILWV
>�� ��@�

� &RQFOXVLRQ

7KLV SRSXODWLRQ�EDVHG VWXG\ KDV GHPRQVWUDWHG KRZ VHQVLWLYH H[WUDSRODWHG VXUYLYDO LV WR WKH WXQ�
DEOH SDUDPHWHUV E\ XVLQJ WKH )30 DQG WKH 52$� LQ FRPSDULVRQ ZLWK HPSLULFDO .�0 VXUYLYDO
IXQFWLRQV� 2XU VWXG\ UHVXOWV VXJJHVW ZLWK VXIILFLHQWO\ ORQJ VXUYLYDO GDWD �H�J�� �� \HDUV�� DSSO\�
LQJ HLWKHU WKH )30 RU WKH 52$ PHWKRG WR H[WUDSRODWH VXUYLYDO LV SUHIHUDEOH� FRQVLGHULQJ VKRUWHU
IROORZ�XS GDWD� LI FRQVWDQW H[FHVV KD]DUG KDV EHHQ DSSUR[LPDWHG RU UHDFKHG ZLWKLQ WKH DYDLO�
DEOH IROORZ�XS SHULRG� H[WUDSRODWLRQ FDUULHG RXW E\ WKH )30 RU WKH 52$ ZLWK DQ DSSURSULDWH
WLPH�ZLQGRZ VL]H ZRXOG KDYH JRRG SHUIRUPDQFH� )XUWKHU DSSOLFDWLRQ RI H[WUDSRODWLQJ VXUYLYDO
FRXOG DOVR EH FDUULHG RXW LQ HVWLPDWLQJ //( RU KHDOWK HFRQRPLFV DQDO\VLV� +RZHYHU� XQFHUWDLQW\
LQ H[WUDSRODWLQJ VXUYLYDO VKRXOG EH FOHDUO\ H[SODLQHG XQGHU GLIIHUHQW VFHQDULRV DQG WDNHQ LQWR
FRQVLGHUDWLRQ LQ IXUWKHU VWXGLHV�
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estimate life expectancy. My deepest prayer is, ”Teach us to number our days aright, that
we may gain a heart of wisdom. (Psalms 90:12)”
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$SSHQGLFHV

$ 5HVWULFWHG FXELF VSOLQHV

5HVWULFWHG FXELF VSOLQHV DUH DQ H[WHQVLRQ RI FXELF VSOLQHV� VR KHUH ZH LQWURGXFH FXELF VSOLQHV
ILUVW� 6SOLQHV HQDEOH XV WR LPSRVH FRQWLQXLW\ UHVWULFWLRQV RQ IXQFWLRQV� UHVXOWLQJ LQ VPRRWK ILWWHG
IXQFWLRQV >��@� $ VSOLQH IXQFWLRQ s(x) ZLWKRXW FRQWLQXLW\ UHVWULFWLRQV LV GHQRWHG DV

s(x) =
n∑

j=0

β0jx
j +

K∑

i=1

N∑

j=0

βij (x− ki)
j
+ , ����

ZKHUH WKH XVH RI QRWLRQ ´�´ LQ WKH IROORZLQJ HTXDWLRQV LV GHILQHG DV

u+ =

{
u LI u > 0

0 LI u ≤ 0
����

DQG LW LV D IXQFWLRQ RI RUGHU N � ZLWK FRYDULDWH x� DQG K NQRWV DW k1 < · · · < kK � 7KH WHUP
βij (x− ki)

j
+ SHUPLWV D GLVFRQWLQXLW\ DW NQRW ki IRU s(j)(x)� ZKLFK LV GHILQHG DV WKH j WK GHULYDWLYH

RI s(x)� &RQWUDULO\� WKH DEVHQFH RI βij (x− ki)
j
+ IRUFHV FRQWLQXLW\ RI s(j)(x) DW WKH NQRW ki >��@�

&XELF VSOLQHV� ZKHUH N �� DUH WKH PRVW FRPPRQ XVH RI VSOLQH IXQFWLRQ� VKRZQ DV

s(x) =
3∑

j=0

β0jx
j +

K∑

i=1

βi3 (x− ki)
3
+ ����

,I D FXELF VSOLQH IXQFWLRQ LV IRUFHG WR EH OLQHDU EHIRUH WKH ILUVW NQRW DQG DIWHU WKH ODVW NQRW�
WKHQ ZH REWDLQ UHVWULFWHG FXELF VSOLQH IXQFWLRQ� ZKLFK LV ZULWWHQ DV

s (x; γ0) = γ00 + γ01v1(x) + γ02v2(x) + . . .+ γ0K−1vK−1(x), ����

ZKHUHK LV WKH QXPEHU RI NQRWV DQG WKH j WK EDVLV IXQFWLRQ LV

vj(x) =

{
x, IRU j = 1

(x− kj)
3
+ − λj (x− k1)

3
+ − (1− λj) (x− kK)

3
+ , IRU j = 2, . . . , K − 1

����

DQG k1 LV GHILQHG DV WKH SRVLWLRQ RI WKH ILUVW NQRW� kK WKH SRVLWLRQ RI WKH ODVW NQRW� kj WKH SRVLWLRQ
RI WKH j WK NQRW� DQG λj =

kK−kj
kK−k1

>�� ��� ��@�
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% 6DPSOH VL]H FDOFXODWLRQ

&RORQ FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �RULJLQDO GDWD�
1 ��� ���

0DOLJQDQW FDQFHU

0LFURVFRSLFDOO\ YHULILHG FDVHV

$GHQRFDUFLQRPD

&DVHV QRW GHWHFWHG DW DXWRSV\

2QO\ LQFOXGH WKH ILUVW UHFRUGHG GLDJQRVLV
LI SDWLHQWV KDG PXOWLSOH UHFRUGV

&RORQ FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �DIWHU GDWD FOHDUDQFH�
1 ��� ���

'LDJQRVLV GXULQJ ���������
Q �� ���

'LDJQRVLV GXULQJ ���������
Q �� ���

'LDJQRVLV GXULQJ RWKHU WLPH SHULRGV
Q �� ���

GURS EHQLJQ FDQFHU FDVHV
Q �� ���

GURS QRQ�PLFURVFRSLFDOO\ YHULILHG FDVHV
Q � ���

GURS QRQ�DGHQRFDUFLQRPD FDVHV
Q � ���

GURS FDVHV IRXQG DW DXWRSV\
Q � ���

GURS PXOWLSOH SULPDULHV
RWKHU WKDQ WKH ILUVW GLDJQRVLV

Q � ���

)LJXUH �� 6DPSOH VL]H FDOFXODWLRQ RI FRORQ FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �Q �� ���� DQG
��������� �Q �� ����� 6ZHGHQ�

%UHDVW FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �RULJLQDO GDWD�
1 ��� ���

0DOLJQDQW FDQFHU FDVHV

0LFURVFRSLFDOO\ YHULILHG FDVHV

$GHQRFDUFLQRPD FDVHV

&DVHV QRW GHWHFWHG DW DXWRSV\

2QO\ LQFOXGH WKH ILUVW UHFRUGHG GLDJQRVLV
LI SDWLHQWV KDG PXOWLSOH UHFRUGV

2QO\ IHPDOH FDVHV

%UHDVW FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �DIWHU GDWD FOHDUDQFH�
1 ��� ���

'LDJQRVLV GXULQJ ���������
Q �� ���

'LDJQRVLV GXULQJ ���������
Q �� ���

'LDJQRVLV GXULQJ RWKHU WLPH SHULRGV
Q ��� ���

GURS EHQLJQ FDQFHU FDVHV
Q �� ���

GURS QRQ�PLFURVFRSLFDOO\ YHULILHG FDVHV
Q � ���

GURS QRQ�DGHQRFDUFLQRPD FDVHV
Q � ���

GURS FDVHV IRXQG DW DXWRSV\
Q ���

GURS PXOWLSOH SULPDULHV
RWKHU WKDQ WKH ILUVW GLDJQRVLV

Q �� ���

GURS PDOH FDVHV
Q � ���

)LJXUH �� 6DPSOH VL]H FDOFXODWLRQ RI EUHDVW FDQFHU SDWLHQWV� GLDJQRVHG GXULQJ ��������� �Q �� ���� DQG
��������� �Q �� ����� 6ZHGHQ�

LL



& ([WUDSRODWLRQ UHVXOWV

)LJXUH �� .DSODQ�0HLHU �.�0� VXUYLYDO IXQFWLRQ ZLWK ��� FRQILGHQFH LQWHUYDO �&,� XVLQJ �� \HDUV RI
IROORZ�XS� LQ FRPSDULVRQ ZLWK H[WUDSRODWHG VXUYLYDO IXQFWLRQV XVLQJ � \HDUV RI IROORZ�XS� E\ WKH IOH[L�
EOH SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP �52$�� IRU FRORQ FDQFHU SDWLHQWV GLDJQRVHG
GXULQJ ���������� 6ZHGHQ �Q �� �����

)LJXUH ��� .DSODQ�0HLHU �.�0� VXUYLYDO IXQFWLRQ ZLWK ��� FRQILGHQFH LQWHUYDO �&,� XVLQJ �� \HDUV RI
IROORZ�XS� LQ FRPSDULVRQ ZLWK H[WUDSRODWHG VXUYLYDO IXQFWLRQV XVLQJ �� \HDUV RI IROORZ�XS� E\ WKH IOH[LEOH
SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP �52$�� IRU EUHDVW FDQFHU SDWLHQWV GLDJQRVHG
GXULQJ ���������� 6ZHGHQ �Q �� �����
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)LJXUH ��� .DSODQ�0HLHU �.�0� VXUYLYDO IXQFWLRQ ZLWK ��� FRQILGHQFH LQWHUYDO �&,� XVLQJ �� \HDUV RI
IROORZ�XS� LQ FRPSDULVRQ ZLWK H[WUDSRODWHG VXUYLYDO IXQFWLRQV XVLQJ � \HDUV RI IROORZ�XS� E\ WKH IOH[LEOH
SDUDPHWULF PRGHO �)30� DQG WKH UROOLQJ�RYHU DOJRULWKP �52$�� IRU EUHDVW FDQFHU SDWLHQWV GLDJQRVHG
GXULQJ ���������� 6ZHGHQ �Q �� �����

LY



' 6HQVLWLYLW\ DQDO\VLV
7DEOH �� 7KH DEVROXWH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ .DSODQ�0HLHU �.�0� FXUYH DQG
WKH IOH[LEOH SDUDPHWULF PRGHO �)30� XVLQJ GLIIHUHQW GHJUHHV RI IUHHGRP LQ WKH PRGHOV DQG WKH UROOLQJ�
RYHU DOJRULWKP �52$� XVLQJ GLIIHUHQW VL]HV �H PRQWKV� RI WLPH�ZLQGRZ� E\ DJH JURXS� IRU FRORQ FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ���������� 6ZHGHQ �Q �� �����

$JH JURXS

GI + ��� ����� ����� ����� ���
&RORQ FDQFHU ���������
([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

D $8& RI .�0 FXUYH ZDV FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU WR WKH HQG RI IROORZ�
XS�

E 3DWLHQWV ZHUH PDGH FHQVRUHG DW WKH HQG RI OLPLWHG IROORZ�XS� �� �� �� RU �� \HDUV� LI
QR HYHQW �GHDWK� KDSSHQHG WR WKHP�

Y



7DEOH �� 7KH DEVROXWH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ .DSODQ�0HLHU �.�0� FXUYH DQG
WKH IOH[LEOH SDUDPHWULF PRGHO �)30� XVLQJ GLIIHUHQW GHJUHHV RI IUHHGRP LQ WKH PRGHOV DQG WKH UROOLQJ�
RYHU DOJRULWKP �52$� XVLQJ GLIIHUHQW VL]HV �H PRQWKV� RI WLPH�ZLQGRZ� E\ DJH JURXS� IRU EUHDVW FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ���������� 6ZHGHQ �Q �� �����

$JH JURXS

GI + ��� ����� ����� ����� ���
%UHDVW FDQFHU ���������
([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ����� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ����� ����� ���� ���� ����
� ����� ����� ���� ���� ����
�� ����� ����� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ����� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ����� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ���� ����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

D $8& RI .�0 FXUYH ZDV FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU WR WKH HQG RI IROORZ�
XS�

E 3DWLHQWV ZHUH PDGH FHQVRUHG DW WKH HQG RI OLPLWHG IROORZ�XS� �� �� ��� RU �� \HDUV�
LI QR HYHQW �GHDWK� KDSSHQHG WR WKHP�

YL



7DEOH �� 7KH DEVROXWH GLIIHUHQFH RI DUHD XQGHU WKH FXUYH �$8&� EHWZHHQ .DSODQ�0HLHU �.�0� FXUYH DQG
WKH IOH[LEOH SDUDPHWULF PRGHO �)30� XVLQJ GLIIHUHQW GHJUHHV RI IUHHGRP LQ WKH PRGHOV DQG WKH UROOLQJ�
RYHU DOJRULWKP �52$� XVLQJ GLIIHUHQW VL]HV �H PRQWKV� RI WLPH�ZLQGRZ� E\ DJH JURXS� IRU EUHDVW FDQFHU
SDWLHQWV GLDJQRVHG GXULQJ ���������� 6ZHGHQ �Q �� �����

$JH JURXS

GI + ��� ����� ����� ����� ���
%UHDVW FDQFHU ���������
([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ����� ����� ����� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP � \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

([WUDSRODWLRQ IURP �� \HDUV
.�0 FXUYH� $8&D �\HDUV� ���� ���� ���� ���� ����
3URSRUWLRQ RI FHQVRULQJE ��� ����� ����� ����� ����� �����
)30� GLIIHUHQFH �\HDUV� � ���� ���� ���� ���� ����

� ���� ���� ���� ���� ����
� ���� ���� ���� ���� ����

52$� GLIIHUHQFH �\HDUV� �� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����
�� ���� ���� ���� ���� ����

D $8& RI .�0 FXUYH ZDV FDOFXODWHG IURP WKH H[WUDSRODWLRQ \HDU WR WKH HQG RI IROORZ�
XS�

E 3DWLHQWV ZHUH PDGH FHQVRUHG DW WKH HQG RI OLPLWHG IROORZ�XS� �� �� �� RU �� \HDUV� LI
QR HYHQW �GHDWK� KDSSHQHG WR WKHP�
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( &RQVWDQW H[FHVV KD]DUG

)LJXUH ��� ([WUDSRODWLQJ VXUYLYDO IURP �� �� ��� DQG �� \HDUV RI IROORZ�XS GDWD RQ ORJ FXPXODWLYH H[FHVV
KD]DUG VFDOH E\ WKH IOH[LEOH SDUDPHWULF PRGHO� LQ FRPSDULVRQ ZLWK WKH HPSLULFDO �� \HDUV RI IROORZ�XS
GDWD� IRU FRORQ FDQFHU SDWLHQWV DJHG ������ GLDJQRVLV GXULQJ ���������� 6ZHGHQ �Q � �����

)LJXUH ��� ([WUDSRODWLQJ VXUYLYDO IURP �� �� ��� DQG �� \HDUV RI IROORZ�XS GDWD RQ WKH ORJLW WUDQVIRUPDWLRQ
RI UHODWLYH VXUYLYDO� ORJLW R̂(t)� E\ WKH UROOLQJ�RYHU DOJRULWKP PHWKRG� LQ FRPSDULVRQ ZLWK WKH HPSLULFDO
�� \HDUV RI IROORZ�XS GDWD� IRU FRORQ FDQFHU SDWLHQWV DJHG ������ GLDJQRVLV GXULQJ ���������� 6ZHGHQ
�Q � �����
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